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ABSTRACT 
Cable domes are a new and interesting type of structure. They are lightweight and economical 
and, in addition, they have an impressive appearance. They can be used to cover large areas 
efficiently for such structures as sports centres, conference halls and theatres. A cable dome is a 
self-stressed structure consisting of cables that are in tension and struts that are, normally, in 
compression with an outer compression ring acting as a part of the self-stressed system. 
In general, cable domes are flexible and initially unstable. However, they gain their stiffness 
from a state of self-stress. Cable domes are highly nonlinear structures due to the kinematic 
nature of their behaviour. For this type of dome the stability of the structure can only be assured 
through prestressing. The cables in a cable dome should remain taut and under tension (unless 
they are redundant). Generally, cable domes can be considered as pin jointed structures as long 
as all the cables remain under tension. 
The objectives of this research are to carry out an in-depth study of the mechanical 
characteristics of cable domes and their stability, and to evolve new and efficient types of cable 
domes. Two aspects of pin jointed assemblies, namely, the stability and mechanism order, have 
received special attention in this work. This is owing to the need for simplified and efficient 
methods for studying the mechanical behaviour of pin jointed structures in general and cable 
domes in particular. 
Several new and interesting types of cable domes have been developed in this research. The 
proposed domes show certain advantages over existing cable domes. Also, a method of searching 
for the stability of pin jointed assemblies has been developed and has proved to be simple and 
efficient. In this relation, the genetic algorithm is used as a search technique to find out whether a 
statically and kinematically indeterminate pin jointed assembly can be stabilised. For this 
purpose, a program called SPJS has been developed. This program is a powerful tool for 
investigating the stability of pin jointed structures, and it has been instrumental in the process of 
developing the new proposed cable domes. 
One of the main achievements of this research is the discovery of a new mathematical formula 
for finding the `order of infinitesimals'. The application of this formula allows the determination 
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of the order of mechanisms in pin jointed structures. Here, a method, using the new formula and 
the genetic algorithm; has been developed for finding the highest order of mechanism in a pin- 
jointed assembly. This method has proved to be simple, powerful and efficient. A program called 
MORS has been developed for its implementation. 
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CHAPTER 1 
Introduction 
1.1 Introduction 
This chapter contains introductory remarks in relation to the study of this Thesis. A brief 
summary is given about the development of domes in different eras throughout history. Also, an 
introduction to cable domes is presented together with examples of some cable domes that have 
been built in different places in the world. In this chapter, an introduction is given in relation to 
the mechanical characteristics and stability of pin jointed systems in general. Also, the chapter 
includes the objectives of this research and highlights the content of each chapter of the Thesis. 
1.2 Domes 
Cable domes are considered to be an efficient type of dome that has been developed in the last 
two decades. This type of dome is the main topic of research in this Thesis. In the present 
chapter, before going into details of cable domes, a very brief summary is given about domes in 
general. A number of examples of domes are given which were built in different eras. To start 
with, some historical masonry domes are described. During the 19th century and early 20th 
century, materials and techniques suitable for dome constructions were developed. To elaborate, 
reinforced concrete and steel were used to construct domes with much larger spans than those in 
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historical times. Gradually, the present stage is reached where high technology and 
developments of materials, such as cables and fabric allow spanning even larger spaces. 
Nowadays, the dream of dome designers to cover large spans with extremely lightweight 
structures has come true, and the birth of cable domes is a wonderful symbol of this era. 
In Latin, `doma' means `house' or `roof and during the middle ages the word `doma' was used 
all over Europe to designate a revered house. In Italian, `duomo', and in Germen, Icelandic and 
Danish, `Dom' means `cathedral'. In old English `dome' meant `town house' or `an important 
meeting house' in a city. It is interesting to find out that most early houses appear to have been 
built on a circular plan and domes were an easy and convenient method of covering the space. 
However, the domical shape became a religious symbol where one finds it associated with 
temples, churches and mosques and even royal audience halls [1]. 
1.2.1 Masonry Domes 
The greatest of all Roman domed structures is the `Pantheon' in Rome, built in 120-124AD. Fig 
1.1 shows an exterior view of this building. The dome of the Pantheon is circular in plan and has 
a span of 43m and a rise of 21.5m (that is, the dome is hemispherical). It was built of bricks 
embedded in thick mortar. One of the distinctive features of this dome is that the high hoop 
forces which develop around the supports are resisted by a massive concrete base which has a 
thickness of about 7m [1]. 
Moving to domes built in later periods of time, the Hagia Sophia building in Istanbul which was 
built in 532-537AD is a great example. The main dome of the building has the shape of a 
spherical cap where it has a span of 32.5m and a rise of 14m. A dome of these dimensions exerts 
horizontal reactions which are resisted in the Hagia Sophia building by a system of massive 
buttresses and semi domes. Fig 1.2 shows an exterior view of the Hagia Sophia building. 
Although the span of the Hagia Sophia is less than that of the Pantheon, the impression of space 
in the Hagia Sophia is greater because of the increased effective span due to the semi domes [1]. 
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Chapter 1 Introduction PhD Thesis 
Fig 1.1 The Pantheon in Rome, 124AD 
i 
Fig 1.2 Hagia Sophia in Istanbul, 537AD 
Another interesting masonry dome building is Saint Paul's cathedral in London which was built 
in 1710. Fig 1.3 shows an exterior view of this cathedral where the dome has a span of 33m. This 
impressive dome has a height of about 111 m, that is, 365ft to the cross at its summit (one foot for 
each day of the year) making it a famous London landmark [2]. 
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1.2.2 Reinforced Concrete Domes 
PhD Thesis 
The industrial revolution during the 19`h century led to the construction of a number of large span 
domes. At that time, the developments of materials and the invention of reinforced concrete 
revolutionised the construction industry where concrete became one of the world's most 
common building materials. 
In dome construction, reinforced concrete made it possible to overcome the constraint of small 
spans. This material has the advantage of combining concrete which resists compression with 
steel which resists tension. Reinforced concrete was produced in the shape of thin shells which 
are ideal for domes, like an egg shell which is thin but strong. In fact, while the ratio of span to 
thickness in a chicken egg is 30, reinforced concrete domes have been built with ratios of up to 
300 [3]. A typical example of an early large reinforced concrete dome is the Kingdome in Seattle 
(USA) which was built in 1976 with a span of 202m. Fig 1.4 shows an exterior view of this 
dome. 
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1.2.3 Steel Domes 
The revolution of concrete was immediately followed by that of steel. This material offers much 
higher resistance in compression and tension than concrete and this allows lighter construction. 
Also, the computer revolution, and developments in analysis techniques and in joint 
construction, allowed enormous possibilities of shapes and configurations of domes. An example 
of an early large steel dome is the Astrodome in Texas (USA). This was built of steel with a span 
of 200m in 1965 [1]. Fig 1.5 shows an exterior view of this dome. Nowadays one can also see 
the use of steel in large span domes such as the Big Eye dome in Oita (Japan) which was built in 
2001 with a span of 274m. 
{_1 
ýý. w- .. . w..,,.. ý_.. ,_ _- 
Fig 1.4 Kingdome in Seattle, 1976 
1.2.4 Timber Domes 
One of the oldest and most flexible of the family of glued engineered wood products is glued 
laminated timber or `glulam'. According to historic records, glued laminated timber was first 
developed in Switzerland in 1893. Some of the original structures built in Europe in the early 
1890's are still in service today. For example, one of the oldest known glulam structures still 
surviving is a 46.5m arch span auditorium in Basel, Switzerland. Glulam was introduced into the 
USA in 1934 where developments of timber technology have boomed during the 20`h century. A 
Sana S. El-lishani 
15 
Chapter 1 Introduction PhD Thesis 
great example of a dome made of timber is the Tacoma dome which was built in 1983 in Tacoma 
(USA) with a reticulated glulam framing system of about 160m span. Fig 1.6 shows an exterior 
view of this dome [4]. 
Fig 1.6 Tacoma dome in Tacoma, USA, 1983 
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1.2.5 Cable Domes 
During the 201h century, the effort of dome designers was directed towards the use of lighter and 
more efficient materials that allowed the creation of larger spans easily. The idea of tensile 
structures made this aim possible. Tensile structures are mainly made from cables and 
membranes which are light and can be prestressed. The idea of a tensile structure combined with 
the idea of a dome shaped structure resulted in the development of different types of domes. 
These domes are the result of a long development in the technology of producing cables and 
fabrics, where fabrics are usually used as cladding material for this type of dome. 
In this research, the focus is on cable domes that consist of cables which are in tension and struts 
which are mainly in compression. A dome of this type has the characteristic of being self- 
stressed, and a state of self-stress (that is, a path of internal forces in equilibrium with zero 
external loads) [5] can be introduced in such a dome through prestressing. This group of domes 
has many varieties. Only, one subgroup of these domes is considered in this research. This 
subgroup includes any cable dome which has an outer ring (compression ring) acting as a part of 
the self-stressed system of the dome. In this work, the term `cable dome' only refers to members 
of this subgroup. 
The first recognised type of cable dome was invented by David Geiger [6] in the mid-nineteen 
eighties. This type of dome is referred to as `Geiger dome'. The first two Geiger domes were 
built in Seoul, Korea for the Olympics in 1988 with spans of 120m and 90m. Fig 1.7 shows the 
gymnastic arena (one of the Geiger domes in Seoul - Korea) during construction and Fig 1.8 
shows an exterior view of this dome. Another three Geiger domes have been built: the Thunder 
dome in Florida (USA) built in 1989 with a span of 210m, the Tayouan arena in Taiwan built in 
1993 with a span of 136.2m and the Crown Coliseum in North Carolina (USA) built in 1994 
with a span of 99.7m. 
Another type of cable dome is called `Levy dome'. It has been invented by Mathys Levy. He 
used this design to build the Georgia dome which is the largest cable dome that has been built so 
far [7]. This dome was built in Georgia (USA) in 1990 with an elliptical shape of 241m x 193m. 
Figs 1.9 and 1.10 show interior and exterior views of the Georgia dome. 
Opinions are divided as to whether cable domes can be regarded as `tensegrity systems'. 
According to Wang [8], the definition of tensegrity is a system composed of struts and cables 
where the cables are continuous while the struts are discontinuous. This system is rigidified or 
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strengthened by self-stressing and is self-supported. Those who are in favour consider the 
compression ring as a curved strut while the others insist that for a cable dome to he considered 
as a tensegrity system it should he self-supported. That is, it should not be stahilised by a 
compression ring. Also, it should not include interconnected struts [8]. However, most people 
agree that cable domes are a successful extension of the concept of tensegrity [911101 [11]. 
Fig 1.7 Geiger dome in Seoul - Korea during construction, 1986 
Fig 1.8 Exterior view of one of the Geiger domes in Seoul - Korea, 1986 
It is interesting to point out that domes that resemble bicycle wheels can be considered as cable 
domes while they can he also classified as cable trusses [ 121 [13]. Such a cable dome has been 
designed by Lev Zetlin for the Utica arena in New York, built in 1964 [121. The roof of this 
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dome acts exactly like a bicycle wheel, with the cables acting as spokes and the compressed 
concrete ring as the rim. Fig 1.1 1 shows a view of the Utica arena during construction. 
Fig 1.9 Interior view of the Georgia dome (Levy dome) during a hockey event, 1990 
Fig 1.10 Exterior view of the Georgia dome at night, 1990 
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Fig 1.11 Utica arena during construction (Lev Zetlin cable dome), 1964 
There are many types of cable domes that have been proposed as models but have not been built 
such as those presented by Rebielak [ 141 [151. Also, in Chapter 6 of this Thesis a number of new 
types of cable domes are presented. 
1.3 Cable Domes and their Stability 
In general, cable domes are flexible structures and initially unstable. They gain their stiffness 
from the states of self-stress in the structure. In addition, this type of structure usually contains 
mechanisms and the states of self-stress eventually stabilise them [16] [17]. 
Cable domes are geometrically nonlinear to a high degree. For this type of dome, the stability of 
the structure is of primary importance where the dome gains its stability from the process of 
prestressing. Also, the cables in the structure should remain under tension for all possible load 
cases. This is particularly so for a loading case in which the cable is not redundant. 
Cable domes are lightweight structures specially when covering large spans (say, spans of over 
200m). For instance, the Georgia dome, discussed previously, has a span of 241m but only 
weighs 30 kg/m2 whereas a steel dome such as the Superdome spans 204m and weighs 125 
kg/m` [18]. Also, another important point to be mentioned is the construction procedures for 
cable domes. The construction techniques for this type of structure are special and sometimes 
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quite unique. The feasibility of a cable dome relies on the practicality of its construction. Chapter 
2 of this Thesis is devoted to the details of construction of a typical cable dome. 
1.4 Stability 
Studying the stability of cable domes and their mechanical properties together with introducing 
new types of cable domes are the main topics of this research. Generally, the mechanical 
properties include the mechanisms of a structure which are the modes of statical instability of the 
structure. Also, these properties include the possibility of a pin jointed structure that is classified 
as statically indeterminate to have states of self-stress (one or more paths of internal forces in 
equilibrium, with no external forces applied). Concerning the mechanical properties, one can 
consider cable domes as pin jointed structures as long as all the cables are under tension [17]. 
Mechanisms and states of self-stress are the basis of understanding the stability characteristics of 
pin jointed assemblies (structures). Some pin jointed assemblies are considered as statically 
indeterminate (with one or more states of self-stress) and as kinematically indeterminate (with 
one or more mechanisms) at the same time. Cable domes usually can have states of self-stress 
and mechanisms, at the same time. In order to stabilise a pin jointed assembly with this feature, 
one needs to find at least one state of self-stress that can stabilise all the mechanisms of the 
assembly. One method which is called `product force method' can be used to find out if a pin- 
jointed assembly can be stabilised or not. This method has been developed by Pellegrino and 
Calladine [17]. The method can be easily applied for pin jointed assemblies with one state of 
self-stress and one or more mechanisms. However, it becomes more complicated in the case of 
assemblies with more than one state of self-stress. In such a case an optimisation method or a 
search technique is needed to search for the stability of the assembly [19]. 
Studying the stability of pin jointed assemblies has been done by many authors over the past 
years. According to Calladine and Pellegrino [19], it can be said that the work was started by 
Kötter (in 1912) where he produced a formula involving a quadratic form to examine the 
stability of pin jointed assemblies. Subsequently, Levi-Civita and Amaldi (in 1930) conducted a 
geometrical approach in studying the set of constraint equations of an assembly. They also ended 
up with a function involving a quadratic form equivalent to that which was found by Kötter. 
Later, Kuznetsov [20] presented a reduced version of the quadratic form that was found by Levi- 
Civita and Amaldi. Using linear algebra, Tanaka and Hangai [21] gave a scheme based on the 
equations of motions. Calladine and Pellegrino [19] used linear algebra and the four subspaces of 
the equilibrium matrix as the basis for their approach. Their procedure also involves a quadratic 
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form similar to that which was introduced by Kötter. As a part of the present research, the route 
followed by Calladine and Pellegrino is taken. Here, the aim is to produce a computational 
scheme based on the quadratic form using the method of genetic algorithm. This optimisation 
method is used to facilitate the process of finding the stability of pin jointed assemblies in an 
efficient way. In addition, the use of the genetic algorithm eliminates the need for involving the 
whole of the quadratic form in order to obtain the required results, as discussed in Chapter 5 of 
the Thesis. 
1.5 Mechanisms 
Knowing the type of mechanisms involved in a pin jointed assembly is important for the 
understanding of their stability behaviour. Mechanisms of `first order' are those that could be 
stabilised by a state of self-stress. Mechanisms of `higher order' cannot be stabilised using the 
states of self-stress of the assembly. Investigating the order of mechanisms and finding the 
highest order of mechanisms that an assembly has, is important in the study of the mechanical 
behaviour and the stability of the assembly. 
The study of stability of pin jointed assemblies is linked, on many occasions, to the classification 
of mechanisms, that is, the type and order of mechanisms. Tarnai [22] had two questions about 
the stability of unstable assemblies and the classification of mechanisms involved. Koiter [23], 
Pellegrino and Calladine [17] have given some answers to these questions through their study of 
the stability of pin jointed assemblies although Kuznetsov [24] [25] has criticised a part of 
Calladine and Pellegrino's work. Later, as a result of this criticism Calladine and Pellegrino have 
achieved remarkable progress in their study on the stability of pin jointed assemblies [19] [26] 
[27]. 
Koiter [23], Tarnai [28] and Salerno [29] gave definitions for the order of mechanisms. Tarnai 
used a geometrical method to find the order of mechanisms which can be used for simple or 
periodically reticulated systems. Also, Salerno used an energy method to find a numerical 
scheme for finding the order of mechanisms. Lastly, Vassart [30] used a geometrical method 
based on linear algebra to find the order of mechanisms of an assembly. This method has proved 
its ability in estimating the order of mechanisms. However, this method involves complex 
calculations for finding solutions of compatibility equations that leads to zero member 
elongations. In the present work, a new simple formula for obtaining the order of infinitesimals 
has been discovered. This formula is used for the study of order of mechanisms in a simple way 
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without directly involving the calculations of member elongations, as discussed in Chapter 4 of 
the Thesis. 
1.6 Objectives of the Research 
The objectives of this research are to carry out an in-depth study of the mechanical behaviour of 
cable domes and their stability and to develop new types of cable domes. This study involves 
developing techniques and methods that are directly related to the stability of pin jointed 
structures. These methods can be used to explore the possibilities of developing new systems of 
cable domes. 
Various steps of the work presented in this Thesis are summarised as follows: 
" Finding a simple method to obtain the order of a mechanism, and using this method to 
find the highest order of mechanisms in a pin jointed assembly. 
" Developing a program that can search for the highest order of mechanisms in a pin- 
jointed assembly using the method mentioned above in combination with the use of 
genetic algorithm as an optimisation technique. 
" Developing the method of `product forces' by using the concept of genetic algorithm. 
Here, the genetic algorithm can be applied as a search technique to investigate the 
stability of pin jointed assemblies. The developed method should be efficient and simple 
to apply. Also, it should be capable of finding the stable state of a pin jointed assembly 
which is initially unstable, if such a state exists. 
" Developing a program that can find the mechanical properties of a pin jointed assembly 
(mechanisms and states of self-stress). If the assembly has one or more states of self- 
stress and one or more mechanisms then the program should determine if at least one 
independent state of self-stress (or any combination) can stabilise all the mechanisms of 
the assembly. 
" Developing new types of cable domes and investigating their mechanical properties and 
stability using the developed program (mentioned in the previous step) as a tool. Also, 
carrying out structural analysis of these domes and studying their applicability and 
comparing them with existing cable domes. 
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1.7 Organisation of the Thesis 
This Thesis contains seven chapters organised as follows: 
Chapter 1, which is the current chapter, provides an introduction to the research. 
Chapter 2 is devoted to the presentation of the details of the configuration and construction of a 
typical cable dome. This includes the details of the structural elements and the construction 
procedure of the cable dome. 
Chapter 3 is devoted to a description of the concept of the genetic algorithm. In this chapter, the 
basic procedure of the genetic algorithm is explained in terms of a detailed illustrative example. 
Chapter 4 is concerned with the mechanism order of pin jointed assemblies. In this chapter, a 
new formula for finding the order of a mechanism is introduced. Also, a new method of finding 
the highest mechanism order in a pin jointed assembly has been developed based on the new 
formula and genetic algorithm. In addition, a newly developed computer program that finds the 
highest mechanism order of kinematically indeterminate pin jointed assemblies is presented. 
Chapter 5 deals with the stability of pin jointed assemblies. This chapter is mainly devoted to the 
discussion of a new method of searching for the stability of pin jointed assemblies. The method 
has been developed using the genetic algorithm as a search technique. Also, a newly developed 
computer program that searches for the stability of pin jointed structures is presented. 
Chapter 6 is devoted to newly developed types of cable domes. The program described in 
chapter 5 has been used as a tool to find these new cable domes and investigate their mechanical 
properties and stability. In this chapter the analysis of these dome structures has been carried out 
and the results of the analysis are compared with those of existing cable domes. 
Chapter 7 is devoted to the conclusions of this research. Also, some suggestions for future work 
are presented in this chapter. 
Finally the Thesis contains appendices presenting flowcharts and comments about the programs 
that have been developed in this research. 
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CHAPTER 2 
Configuration and Construction of 
Cable Domes 
2.1 Introduction 
Cable domes are lightweight structures. They are made of stiff elements and cables, where the 
existence of cables gives them the property of lightweight. In this chapter, an introduction to 
cable domes is presented. This chapter describes the structural configuration of a cable dome and 
gives details of the structural elements which constitute this dome. In addition, the construction 
procedure of the early cable domes will be discussed. The aim here is to give a deep feeling and 
understanding of the concept of a cable dome. However, details of the structural behaviour and 
analysis of cable domes are presented in chapter 6. 
2.2 Configuration of Cable Domes 
Consider the structural system shown in Fig 2.1. This illustrates a simple cable dome which 
consists of struts and cables. In this figure the struts are the elements shown by thick lines and 
the cables are the elements shown by thin lines. Under loading, in this type of dome, the strut 
elements are in compression while the cables are in tension. 
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pin support 
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Fig 2.1 A: Simple cable dome 
B: Elevation of the opposite pair of radial arms a-a 
The parts of the dome can be divided into a number of different types as follows: 
" Top tension ring: This consists of a ring of cable elements at the crown of the dome. 
" Bottom tension ring: This consists of a ring of cables underneath the top tension ring. 
" Ridge cables: These cables are in the radial direction connecting the top tension ring with 
the supports. 
" Hoop cables: These cables create a ring in the circumferential direction. 
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" Struts: These are elements connected to the ridge cables at the top and to the hoop cables 
at the bottom. The elements which connect the top and the bottom tension rings are also 
struts. The term `Post' can be used as a synonym for the term `Strut'. 
" Diagonal cables: These are cables that connect the supports to the bottom of the outer 
struts or connect the top of the outer struts to the bottom of the inner struts. 
The dome is supported at six pin supports as shown in Fig 2.1. This cable dome will be flexible 
under its own weight. Also, any external load applied to the dome will cause large 
displacements. This is caused by the structure being initially kinematically unstable. Here, in 
order to carry the loads, the structure has to change its geometry. However, prestressing the 
dome will increase its stiffness. Therefore, in order to avoid mechanisms and large displacements 
under loading a state of prestress has to be introduced, as will be discussed later. 
In this type of dome the ridge cables and the outer diagonal cables are usually anchored to a 
compression ring. This compression ring consists of steel or concrete beam elements. In the 
dome shown in Fig 2.1 this ring is replaced with pin supports. 
The dome shown in Fig 2.2 is one of the Geiger domes that were built in Korea in 1988 [6]. This 
figure shows the plan and perspective views of the gymnastic arena. If this dome is compared 
with the one shown in Fig 2.1, it can be seen that they are similar, but the dome in Fig 2.2 is 
larger and has more hoops and radial arms. The term `radial arm' is used to refer to the ridge 
cable, struts and diagonal cables connected to each other in one plane. In the case of the dome of 
Fig 2.1, there are six radial arms (each of which involves two struts) and one hoop cable. 
However, in the case of the dome of Fig 2.2, there are sixteen radial arms (each of which 
involves four struts) and three hoop cables. Also, in Fig 2.2 the supports are replaced with a 
compression ring. The tension parts of the structure include the tension rings at the centre 
together with the ridge cables, diagonal cables and hoop cables. The compression parts are the 
struts and the outer compression ring. The ridge cables extend from the top tension ring to the 
compression ring. The struts in each radial arm are connected at the top to a ridge cable and at 
the bottom to hoop cables or the bottom tension ring. The outer set of the diagonal cables 
connects the compression ring to the lower ends of the outer struts and the next set of diagonal 
cables connects the top ends of the outer struts to the lower ends of the next row of struts. This 
pattern continues up to the centre. However, it is important to mention that usually in a cable 
dome the central tension rings together with their connecting struts are formed as one unit 
installed during construction. In this case, the tension rings are made of stiff elements. 
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The elements of cable domes usually vary in their dimensions based on the size of the area they 
cover. The cable dome shown in Fig 2.2 has a diameter of 120m and has 16 equal sectors. The 
spacing between each two successive hoop cables is approximately 14.4m and the diameter of 
the tension rings is 5m. The rise of the dome is 7m and the length of the struts is approximately 
6.5m, apart from those that connect the top and bottom tension rings which have a length of 
about 4m. 
2.3 Construction of Cable Domes 
The construction of a cable dome is rather involved. Setting up the structure needs a suitable 
construction procedure enabling the cables to be placed in the correct positions. Prestressing of 
some cables is an essential part of the construction procedure, where prestressing is important to 
give stiffness to the structure. In order to get a better understanding of the construction 
procedure, the basic steps of the erection process are first introduced in general terms leaving the 
details to be discussed later. The basic steps in the erection process of the dome shown in Fig 2.2 
are as follows [6]: 
" Constructing the compression ring beam, which should be supported using columns, 
" assembling the sixteen ridge cables on the ground and connecting them to the top tension 
ring of the central unit, 
" hanging the top tension ring and ridge cables, Fig 2.3A, 
" hanging the struts from the ridge cables, 
" hanging the outer hoop cable from the bottom of the outer struts, 
" hanging and tensioning the first diagonal cables, Fig 2.3B, 
" hanging the second hoop cable from the bottom of the second ring of struts, 
" hanging and tensioning the second diagonal cables, Fig 2.3C, 
" hanging the third hoop cable from the bottom of the third ring of struts, 
" hanging and tensioning the third diagonals, 
" connecting the bottom tension ring to the top tension ring by vertical elements at the 
centre of the structure, Fig 2.3D and 
" hanging the fourth diagonals, with their inner ends connected to the bottom tension ring, 
and tensioning them, Fig 2.3E. 
It is important to mention that the element sizes and dimensions and the values of prestressing 
presented in this chapter are based on the author's investigation about the case of the gymnastic 
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arena that built in Korea. Also, in order to clarify the details of the construction procedure, some 
additional points are given in the sections below. 
I'M - 
a 
A 
a 
Sector 
Compression ring 
Ridge cable 
Diagonal cable 
; trut 
B 
Compression ring 
Vt 
E 
Fig 2.2 A: Plan view of the Geiger dome for the Olympic 
Gymnasium in Seoul with a diameter of 120m 
B: A perspective view of the dome 
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C: Elevation of the opposite pair of radial arms a-a 
2.3.1 Structural Details of Cable Domes 
Each of the cables has specific cross-sectional properties depending on the number of 
langstrands from which it is made. A langstrand is a prestressing strand obtained by grouping 
together a number of prestressing wires. Typically a langstrand has a diameter of 15.2mm with 
the ultimate capacity of 260kN. 
A 
....... r....... 
Pretension 1" diagonal to 305.5kN B 
Pretension 2"d diagonal to 372kN 
/U 
Pretension 3' diagonal to 288kN 
Fig 2.3 Construction procedure of the cable dome of Fig 2.2 
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Struts (Posts) 400 X8 mm 400 X8 mm 400 x8 mm 
Fig 2.4 Possible arrangement and sizes for the cables and struts of the dome of Fig 2.2 
2.3.1.1 Ridge and Diagonal Cables 
The cross-section of a ridge cable decreases as one moves from the compression ring towards the 
centre. That is, different numbers of langstrands are used in different parts of a ridge cable, with 
the maximum number of langstrands being in the part adjacent to the compression ring. A 
possible arrangement for the langstrands for the dome of Fig 2.2 is shown in Fig 2.4. It can be 
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seen from Fig 2.4 that each ridge cable consists of a number of langstrands and a bridge rope. 
The bridge rope is a continuous steel cable of 38mm in diameter running from the compression 
ring to the top tension ring. 
It can be noticed from Fig 2.4 that the diagonal cables in this dome are ridge langstrands which 
become diagonal langstrands as they roll over an upper casting at the top of a strut (post). The 
number of langstrands in region A-B is 26 and 12 of these langstrands constitute the diagonal 
cable in the region B-C while the other 14 langstrands continue to form the ridge cable in this 
region. Also, the langstrands of the ridge cable in region B-C are further divided, where 10 of the 
langstrands constitute the diagonal cable in region C-D and the other four constitute the ridge 
cable in this region. All langstrands of the ridge cable, in region C-D, will become the diagonal 
cable of region D-E. Therefore the ridge cable in this region consists of only the bridge rope with 
no langstrands [6] [11] [31]. 
2.3.1.2 Upper Castings 
An `upper casting' is a casting that connects the ridge cable to the top of a strut, see Fig 2.5. The 
bridge rope has `swage stops' as fittings used to grip the rope along its length, these swage stops 
are placed in special castings that are then pinned to the upper castings. Fig 2.6 shows a swage 
stop of the bridge rope and its casting. It can be seen from Fig 2.6C that projections of the 
casting can prevent the bridge rope from moving in the horizontal direction. On the other hand, 
the cup of the casting covers and restrains any possible vertical movement of the bridge rope at 
the casting point. It is assumed that the greased prestressing strands continuing over the upper 
castings involve no friction. Fig 2.7 presents a way of simulating the upper casting. It is assumed 
that the upper casting acts as a pulley over which some of the ridge langstrands (on the left-hand 
side) become diagonal langstrands (on the right-hand side) and the remaining langstrands 
continue to the following region. The forces involved are as follows: 
" The force in the ridge langstrands on the left that will become diagonal langstrands is 
denoted by FL, and this must be equal to the force in the diagonal langstrands that is denoted 
by FRI. 
" The forces in the ridge langstrands that will continue to the next region are FL2 and Fin, 
on the left and right of the upper casting, respectively and these forces are equal. 
" The force in the bridge rope on the left is denoted by FLB and the force on the right is 
denoted by FRB. 
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" There is also the force in the strut that is denoted by Fs. Furthermore, there is the force 
that is applied from the swage stop casting to the bridge rope and this is denoted by FB. 
" Finally, there is the force Fe that is assumed to represent the external load applied to the 
upper casting. 
Upper casting 
Bridge rope 
/ 
I! P 0000000 
0000000 
00000000000 ---- ------ 000000000000 
000 000 
000 000 
Top end of strut 
Bottom end of strut 
___________ Spacer 
block 
Diagonal strand 
, anchorage' 
Hoop strands 
Main part of the 
lower casting 
J/ -ý 
Auxiliary part 
Fig 2.5 Upper and lower casting assembly 
30 Hoop strands 
per hole 
The system of forces in Fig 2.7 must be in equilibrium. Here, the bridge rope plays an important 
role in that it fixes the position of the upper casting. Therefore, in order to maintain the 
horizontal equilibrium, a horizontal sliding force acting on the upper casting should be absorbed 
by the pinned joint of the swage stop casting, where the bridge rope balances this force. 
Consequently all these forces which are acting on the upper casting should be in equilibrium to 
avoid sliding forces and to maintain a fixed geometry [6] [7] [31]. 
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Fig 2.6 A: Swage stop along the bridge rope 
B: Plan view of the swage stop in the casting 
C: Swage stop casting 
D: Cup of the swage stop casting to cover and 
restrain the bridge rope in the vertical direction 
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Fig 2.7 Forces acting on the upper casting 
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2.3.1.3 Hoop Cables 
Hoop cables also consist of langstrands. The number of the langstrands is different in each hoop. 
The outer hoop is the largest and the size decreases as one moves towards the centre, see Fig 
2.4. The outer hoop has 60 langstrands and it is the largest cable in the dome. The second and 
third hoops have 40 and 35 langstrands, respectively. 
2.3.1.4 Struts and Tension Rings 
The struts are tubular elements that have the same length and diameter throughout the dome 
apart from those which connect the top and bottom tension rings. These central struts usually 
have smaller cross-sections. Also, the top and bottom tension rings are usually constructed 
together with their struts as a single unit. 
2.3.1.5 Lower Castings 
A `lower casting' connects the bottom of a strut to a hoop cable as well as the lower end of a 
diagonal, see Fig 2.5. There are two holes to accommodate the hoop langstrands. One is in the 
main part of the lower casting, and the other hole is in the auxiliary part where the diagonal 
cables are anchored. There is a spacer block between these two parts. It can be seen from the 
figure that the diagonal cables are anchored to the lower castings. The diagonal langstrands are 
divided into two groups, one group is anchored to the auxiliary part of the lower casting in a 
position above the hoop cable and the other group is anchored in a position below the hoop 
cable. This arrangement stabilises the auxiliary part and keeps it securely in position. Also, 
jacking for prestressing the diagonal langstrands is done in pairs to keep the auxiliary part in 
balance, see Fig 2.8. Two hand-held jacks are used at each strut where one jack tensions a single 
langstrand of the group of langstrands above the hoop and the other jack tensions the opposite 
langstrand of the lower group of langstrands [6] [7] [31]. 
The forces acting on the lower casting are shown in a simplified form in Fig 2.9. These forces 
are as follows: 
" The force in the diagonal cable denoted by FD, 
" the forces in the hoop cable denoted by FH1 and Fes, where FH1= FH2 and 
" the force in the strut denoted by Fs. 
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Since the above forces should be in equilibrium, the force in the strut Fs together with the 
component VFD of the diagonal force are balanced. Also, the horizontal component HFD of the 
diagonal force is balanced with the hoop forces FHI and FH2. The tensile forces in the hoop are 
developed due to the prestressing of the diagonal langstrands. Additionally, since the horizontal 
component of the diagonal forces is the same for all the struts, the hoop will assume a regular 
polygonal shape as shown in Fig 2.9B. 
Hand-held Jacks 
f 
Jack support 
Jacks heads 
Langstrand 
r 
Fig 2.8 Jacking and anchoring the diagonal Langstrands 
2.3.1.6 Compression Ring 
The compression ring plays an important role in the support of the dome. It is a concrete beam 
ring built at the beginning of the construction before erecting the roof. The outer diagonal cables 
and ridge cables are anchored to this compression ring through stiffening ribs. This ring is 
subjected to forces mainly from the ridge and diagonal cables, inducing compression in the ring. 
There are anchoring blocks at the locations of anchoring the ribs of the dome. Fig 2.1 OA shows 
the location of these blocks within the compression ring. The compression ring is constructed in 
reinforced concrete with a channel-like cross section, see Fig 2.10C. The height of the inner 
flange varies, with a maximum height of about 3m at the anchoring blocks for the ridge cables 
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and a minimum height of about lm at the anchoring blocks for what is called `valley cables' 
which will be discussed later. However the outer flange has a constant height of about 1.5m. The 
web thickness is 500mm and the width of the compression ring is 6.5m [32]. 
Strut 
VFD ' 
FD H 
F S 
--------------- Joint HPH 
HFD --------- 
Hoop cable 
l FH 
AB 
Fig 2.9 A: Forces involved in the lower casting 
B: Uniform horizontal forces on the hoop 
develop the polygonal shape 
Fig 2.11A shows a cross section through the anchoring block. It can be seen that the ridge and 
diagonal cables pass through the block and are anchored at the bottom. Normally, each 
individual langstrand of the ridge and diagonal cables passes through the anchoring block inside 
a plastic or metal duct. Fig 2.11B shows the anchorage of the diagonal cable. The langstrands 
bend inside the block and flare near the end in order to allow the anchoring of each langstrand. 
The anchor consists of a bearing plate and an anchor plate where the langstrands are anchored 
using wedges. The ducts are normally injected with cement, epoxy resin or other grout material 
[32] [33]. 
It should be noted that the anchored end of the diagonal cable at the compression ring is a `dead 
end' that is, it is an unstressed end, which is usually constructed first. In contrast, the anchoring 
end of the ridge cable including the bridge rope is considered as a `live end' where the 
langstrands are tensioned, as will be discussed later. 
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Fig 2.10 A: Plan view showing the anchoring blocks within the compression ring 
B: Developed elevation of part `a' 
C: Cross-section b-b through the reinforced concrete ring 
2.3.1.7 Fabric Membrane 
A major part of the dome is the fabric that is used as the cover. It is installed in each sector of the 
dome. Starting from the tension ring the fabric is spread out from a roller held in position by a 
crane. It is then connected to aluminium castings cover the ridge cables. These castings have 
metal studs that hold the fabric. The fabric should have specific characteristics concerning the 
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thermal, acoustical and translucency properties. The thermal resistance R represents the 
conductivity of a layer of the fabric material. This thermal resistance is equal to the thickness of 
the layer divided by the thermal conductance of the material. The total R value of the fabric is 
obtained from adding the thermal resistance of various layers. Generally, the thermal resistance 
of fabrics ranges between 0.002 K. m2/W to 3.877 K. m2/W [11] [31] [34]. 
Duct for the ridge cable 
Anchore of the 
diagonal cable 
A 
Langstrand 
Bearing pläte 
_. 
Anchore plate 
sedge 
B 
r the diagonal cable 
Anchore of the 
ridge cable 
00 
®®® 
®®® 
®®®® 
®® 
00 
View from the bottom 
Wedge 
Fig 2.11 Compression ring anchor block 
A: Elevation view of the anchor block 
B: Developed cross-section and plan view of part `a' 
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One aim of the fabric industry is to produce a fabric with a high R value while maintaining 
minimum translucency, since a high thermal resistance and high translucency are difficult to 
achieve simultaneously. The translucency is the percentage of light transmitted through the 
fabric while the rest is reflected. A minimum translucency of 4% of the light is considered as the 
minimum translucency required to avoid the use of day time artificial lighting. 
Also, acoustical control is important, where a sufficient noise reduction coefficient (NRC) value 
should be obtained. This coefficient is the average of absorption coefficients of a material used 
in sound insulation measured at different frequencies. An absorption coefficient ranges from 0 to 
1, where the higher the value the better the efficiency. In the fabric industry a silicone coated 
fibre-glass acoustic liner with a NRC value of 0.80 is used. The membrane system used in the 
dome has a thermal performance of R equal to 1.762 K. m2/W and light transmission of 6% [11]. 
The membrane that covers the dome comprises four independent layers, see Fig 2.12. The outer 
most layer is a high strength fibre-glass fabric with a silicone coating on both sides. Beneath this 
layer is an insulation layer consists of 2 layers of fine, silky fibre-glass enclosed in polyester 
bags. Each of these two layers of insulation has a thickness of 205mm and an approximate R 
value of 0.617 K. m2/W. Below the insulation is a 2mm transparent Mylar vapour barrier and 
below this barrier there is silicon coated acoustic liner made with fibre-glass fabric, see Fig 
2.12B and 2.12C. The last two layers are zipped to each other. This is to eliminate the need to 
use heat sealing in the site. Also, between the first two layers there is an air space with sizes 
ranging between 50mm at the ridge cable to 360mm at the valley cables. The valley cables are 
secondary cables installed on top of the fabric between each two successive ridge cables, see Fig 
2.12A. By prestressing these cables the fabric will be stressed. Each valley cable consists of 9 
langstrands [11] [31] [35]. 
2.3.2 Tensioning Process 
Tensioning the cables is done by using hydraulic jacks, The jacking operation can be done using 
a central electronic panel or manually. The manual operating is easier if only a few strands are 
jacked. In this case two jacks are used at the bottom of each strut, and each jack holds a single 
strand from a diagonal cable. At the end of this process the strands are anchored to the lower 
castings. 
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Fig 2.12 A: Section through the roof 
B: Section a-a through fabric at a ridge cable 
C: Section b-b through fabric at a valley cable 
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During the tensioning process, the Langstrand is grasped and pulled by the jack. Since the stroke 
of the jack is limited, it may be necessary to repeat the process of grasping and pulling until the 
specified length of tensioning is obtained. The jack normally incorporates a load cell, which 
shows the actual tensioning force applied to the langstrand. After tensioning, the langstrand 
needs to be anchored. The anchoring is normally achieved using wedges. The wedge is used to 
grasp the langstrand and prevent it from moving back under the effect of the tension forces. 
From Fig 2.8 it can be seen that each wedge composed of three pieces placed in a conical hole in 
the auxiliary part of the lower casting. During tensioning, the wedge is not in place so that the 
langstrand is free to move in the direction of tensioning. After tensioning while the jack is still 
grasping the langstrand, the wedge is pushed into place by a special piece in the jack called a 
wedging hammer. The pushing of the wedge develops frictional forces along the langstrand and 
the contact surface of the wedge. When the jack is released, the wedge should be able to develop 
high friction, so it can grip and hold the langstrand firmly. In order to obtain the greatest possible 
amount of gripping force, the surface of the wedge is made rough and hard. A surface can be 
made rough if it is provided with edge projections. Therefore anchoring will be developed by the 
effect of friction forces and shear resistance. Also, it is important that the wedge maintain its grip 
even if the prestressing force relaxes and the cable slackens [33] [35]. 
2.3.3 Erection Procedure 
Now, the details of the erecting procedure are presented in the following steps [6] [35]: 
" The ridge cables are laid out on the ground and threaded through the top casting of each 
strut. Accurate assembly takes place in the field by using paint marks on cables at the 
manufacture's facility. 
" The centre tension ring is lifted by crane to the top of a temporary central support tower. 
Then the ridge cable net spanned from the top tension ring to the compression ring. In this 
case the cable net should be hanging loosely in the air while the tension ring is supported on 
the temporary tower. 
" On the ground the assembly of the outer cable hoop starts. The bottom castings are 
temporarily bolted to the ground while the prestressing strands for the hoop are spun, similar 
to the case of assembling the ridge cables. 
" The struts are lifted and pinned from the top to the upper castings starting from the outer 
struts towards the centre. 
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" Lifting the outer hoop assembly by cranes and attaching it to the bottom of the struts by 
pinning the lower ends of the struts to the lower castings. 
" At the same time of the previous step the diagonal cables from the compression ring are 
connected to the bottom of the struts through the lower castings. 
" The strands of each outer diagonal cable are tensioned. This will pull up the outer ring of 
struts into position. The amount of prestress is calculated based on the stress in the cables 
required to set up the structure and increase the overall stiffness of the structure on one hand. 
On the other hand the tensioning should be applied to the elements which have the least 
stresses under different types of loading which are the diagonal cables. Also the amount of 
prestress should not be too high because this will increase the over all stresses in the 
structure. Fig 2.3 shows the erection steps and the amount of prestress required in each stage. 
For the outer diagonals the prestress should be 305.5kN. 
" Assembling the second hoop cable and lifting it to position, similar to the procedure 
followed in the first hoop ring. Then, tensioning the second diagonal cables to amount of 
372kN. This will give the second ring of struts a new position and will, generally, bring the 
top coordinates of the whole structure to a different position. 
" Assembling the third hoop on the ground level and following the same previous 
procedure. The prestress applied to the third diagonal cables should be 288kN. Similarly, this 
will raise the whole structure to a new position. 
" Connecting the fourth diagonal cables to the bottom tension ring and tensioning them 
with a value of 18kN. This will bring the structure to its semi-final shape. 
" Adding the fabric to the roof and applying the valley cables and then tensioning these 
cables to 159.5kN. This will put the structure into a final position under the effect of self- 
weight. It should be noticed that the valley cables extend from the top tension ring down to 
the compression ring continuously without interference with the ridge cables, see Fig 2.12A. 
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CHAPTER 3 
Genetic Algorithm 
3.1 Introduction 
An introduction to the concept of the genetic algorithm is presented in this chapter. The 
procedural steps of the genetic algorithm as an optimisation technique are explained in terms of a 
simple illustrative example. This is in order to describe the use of the genetic algorithm method 
that has been established for this work and to indicate its significance. 
3.2 Genetic Algorithm 
Optimisation is the process of obtaining better results. Scientifically, an optimisation technique 
can be used to obtain the best solutions for a problem based on certain changes in the parameters 
of the problem. An optimisation technique may use an iterative procedure with the aim to 
approach the best possible solution required. One of the most successful optimisation techniques 
is the `genetic algorithm'. This is a numerical search technique based on the mechanics of 
natural selection that one can see in nature. The genetic algorithm belongs to the family of 
evolutionary processes for optimisation. The genetic algorithm method was developed by John 
Holland and popularised by one of his students David Goldberg [36]. In nature, evolution of 
populations is normally governed by the factors of natural selection and the survival of the 
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strongest. Individuals who are fitter are most likely to survive in their environment or 
community. Here, the word fitter could be the healthier, the stronger... etc. Also, this fit 
individual is more likely to have children carrying some of his/her characteristics (genes). These 
children, however, will compete with other individuals and again the fitter among them is more 
likely to survive. Under the factor of time, gradually the whole population will be replaced with 
new generations of children. In nature, the fitness function is survivability, which one wishes to 
maximise. Genetic algorithm works in a similar way. It is true that the genetic algorithm is based 
on a random search in the space of the problem. However, during the process of optimisation, 
gradually the results are guided to the right path using the principle of genetics. The basic 
procedure of the genetic algorithm is explained in terms of a simple example [37]. 
3.3 An Illustrative Example 
Consider the function 
Y= 2X sin (2 X) sin (5 X) 3.1 
Let it be required to find the value of X that maximises the value of Y. Here, X is the 
independent variable and Y is the dependent variable with the variable X being within the range 
54_<X<_60 
Here, the independent variable is in radians. A graphical representation of Eqn 3.1 is shown in 
Fig 3.1. It is seen that the graph has a number of peaks and valleys. The top of each peak can be 
considered as a local maximum but the top of the highest peak is the global maximum that one is 
seeking. One may use a search technique for this problem. Here, the genetic algorithm is used to 
obtain the required global maximum for Eqn 3.1. 
Fig 3.1 shows the plot of Eqn 3.1 within the defined range of X. The coordinates of the global 
maximum point of the plot of Fig 3.1 are 
Xmax = 58.7704120 and Ymax =112.592248 
3.4 Initiating Population 
In using the genetic algorithm for solving the present problem, the first stage is choosing a list of 
random values of X. These values can be generated by using a random number generator. The 
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chosen set of values of X is called a `population' and each value of X is a `member' of the 
population. The number of members in a population is the `size of the population'. To start with, 
the size of the population in this example is taken to be 10. The first column of Table 3.1 shows 
the member numbers and the second column of the table shows the randomly generated values of 
X. 
Y 
150 
100- 
50- 
0- 
-60- 
-100- 
-150 
54 55 56 57 58 59 60 
Fig 3.1 Plot of Eqn 3.1 
Table 3.1 Original population generated randomly 
Member number 
Randomly generated 
value of X 
Value of Y 
1 54.178066 70.876416 
2 58.747756 111.742926 
3 55.532291 -92.712819 
4 55.207802 20.033547 
5 55.520186 -89.236003 
6 55.759407 -80.361323 
7 56.359108 33.879979 
8 57.230038 -29.359597 
9 59.351826 -73.803712 
10 56.132768 72.473280 
X 
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3.5 Pairing 
The third column of Table 3.1 contains the values of Y that correspond to the randomly chosen 
values of X. The function of Eqn 3.1 is called the `fitness function' of the problem and aY value 
is called a `fitness value'. Since the aim in this example is to obtain the maximum value of Y, 
then the fitness value is the Y value in the sense that how close this value of Y is to the 
maximum. Obviously, the higher the value of Y is, the closer it is to the required maximum 
solution. In other words, the fitness value corresponding to each member of the population is an 
indicator of how suitable that member is, as the required solution of the X value. For the initial 
population of Table 3.1, member 2 has the best fitness value. On the other hand, member 3 has 
the worst fitness value of the initial population. The points represented by the members of the 
initial population are indicated by small circles in Fig 3.1. The numbers written near the points in 
Fig 3.1 correspond to the member numbers of the initial population in Table 3.1. 
Now, the members of the initial population will be considered as parents for producing children. 
These children are in fact new values of X. Before going to the step of explaining how these 
children are produced, it is important to explain how members of the population are chosen for 
parenthood. This process of choosing parents is referred to as `pairing'. In fact, in the genetic 
algorithm there are several different methods for pairing. One of these methods is the 
`tournament pairing' and this is the method that is employed in the present work. This method is 
based on random selection of two members of the population and comparing the fitness values of 
these two members. The member who has the better fitness value (higher value of Y) is chosen 
as a first parent. Then the same random process is repeated, and again two members are chosen. 
The member who has the higher fitness value is then chosen to be the second parent. By the end 
of this step, the parents are chosen. 
For the given example suppose that the first randomly chosen members were members 5 and 7. 
From Table 3.1, the X values for members 5 and 7 are 
X5 = 55.520186 and X7 = 56.359108 
respectively. Also, the corresponding fitness values are 
Y5 = -89.236003 and Y7 = 33.879979 
Then, by comparing their fitness values, member 7 will be chosen as the first parent as it has a 
better fitness value. 
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Now, if the other two randomly chosen members were members 1 and 4. From Table 3.1, the X 
values for members 1 and 4 are 
X1= 54.178066 and X4 = 55.207802 
respectively, and the corresponding Y values are 
Y1 = 70.876416 and Y4 = 20.033547 
So member 1 will be chosen as the second parent as it has a better fitness value than member 4. 
Therefore, members 7 and 1 are the parents. 
3.6 Mating 
The mating process is the first step in exploring the area of solutions and finding the right path 
leading to the best solution. The mating process involves the two chosen parents in the pairing 
process. Mating between the parents produces two children where each parent passes some of its 
characteristics (genes) to the children. The process of mating takes place in four stages as 
described in the sequel. - 
3.6.1 Encoding 
The encoding stage involves transforming each parent to what is called a `chromosome'. Then, 
each parent is represented by its corresponding chromosome. One of the commonly used 
methods of encoding is the `binary encoding'. In this method the chromosome is in a `binary 
form'. An example of a binary chromosome is 
1011001110101001 
In natural genetics, each chromosome consists of number of genes. Similarly, in the genetic 
algorithm, each binary chromosome consists of a string of binary digits 0 or 1. Here, each digit is 
a `gene'. The number of genes in a binary chromosome is called the `length' of the chromosome. 
For the chromosome given above the length is equal to 16. For this binary chromosome there is 
an equivalent integer decimal value (e), which can be calculated as follows: 
e= lx2 15 +0x214 +lx213 +1x212 +0x211 +0x2'° +1x29 +1x28 +1x27 
+0x26 +1x25 +0x24 +1x23 +0x22 +0x21 +1x2° = 45993 
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That is, the binary chromosome 
1011001110101001 
represents the integer decimal number 45993. Therefore, any integer decimal number can be 
represented as a binary string and vice versa. 
In this work the length of a binary chromosome is chosen to be 32, which is equal to the number 
of bits in a single precision word in a PC. Since the length of a chromosome is taken as 32, then 
there are 232 different binary strings available. Here, for this range of binary strings there is a 
lower limit and an upper limit of binary strings. The lower limit binary string is represented by 
00000000000000000000000000000000 
and the upper limit binary string is represented by 
11111111111111111111111111111111 
The equivalent integer decimal values for the lower and upper limits are 0 and 232-1, 
respectively. 
Now, referring to the example of Eqn 3.1 (and Fig 3.1), the lower and upper limits of variable X 
which are 54 and 60, are mapped into the lower and upper limits of the binary chromosomes 
which are 0 and 2 32-1, respectively. However, any intermediate values of X can be mapped to an 
equivalent integer decimal value (e) using the equation: 
e=Round 
(x-xL)(e° -eL)+eL 
xu -XL 
where: 
3.2 
XL and x are the lower and upper limits of X, 
eL and e are the equivalent integer values of the lower and upper limits of the binary strings, 
x is the encoded value of X, 
e is the equivalent integer decimal value of X and 
`Round' denotes the function that rounds a number into an integer number. 
In the encoding process the chosen parents (members 7 and 1 in Table 3.1), which are X7 and X1 
are mapped using Eqn 3.2 into e7 and el, respectively, as follows: 
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(56.359108 - 54)((232 -1) - 0) e7 = Round +0 =1688715392 60 - 54 
(54.178066-54)((2 32 _1)_0) e, = Round +0 =127464288 60-54 
where e7 and ei are the equivalent integer decimal value for the binary strings that represents the 
X values of members 7 and 1, respectively. The binary strings of the first parent (member 7) and 
the second parent (member 1) are: 
parent chromosome 1 
parent chromosome2 
3.6.2 Crossover 
01100100101001111100000010000000 
00000111100110001111001101100000 
The next step in the mating process is the process of `crossover', where the parent chromosomes 
obtained in the encoding phase produce two `child chromosomes'. In the crossover process, the 
parents swap some of their genes. This will create two new chromosomes each of which carry 
some characteristics of both parents. As in nature, children are produced from mating between 
parents and these children are carrying characteristics (genes) from their parents. If the parents 
have `good' genes then it is more likely that the children will have good characteristics. On the 
other hand, parents with poor genes are more likely to produce undesirable children. In the 
genetic algorithm, chosen parents with good fitness values are more likely to produce children 
with good or better fitness values. 
Now, it is important to explain how the crossover process happens between the parents in order 
to produce the children. In fact, there are several different types of crossover. The popular 
method of crossover is the `point crossover'. This method is used in the example of Eqn 3.1. In 
this method, the two parent chromosomes are cut at a randomly chosen position or `site'. That is, 
each chromosome is divided into two segments. Then, the right-hand side segments are swapped 
between the two chromosomes. This will lead to two new chromosomes. These two new 
chromosomes are the children which will become two new members of the population. 
For the example under consideration, each of the binary strings of both parents is divided into 
two segments as shown in Fig 3.2. The site of crossover is chosen randomly between 1 and 
(string length -1), that is, between 1 and 31. Assume that the randomly chosen number is 7. Then 
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the genes in the positions 8 to 32 are swapped as shown in Fig 3.2. This leads to two new 
children. It can be seen from Fig 3.2 that for each child chromosome, the inherited genes from 
the second parent are denoted in bold. It should be mentioned that the swap could be between the 
segments on the left hand side of each chromosome. Obviously, this will still lead to the same 
two new children. 
Crossover site 
parent chromosome 1 0110010 ; 0101001111100000010000000 
parent chromosome2 0000011; 1100110001111001101100000 
Crossover 
child chromosome 1 0110010 a 100110001111001101100000 
child chromosome2 00000110 10 100 11111000000 10000000 
Fig 3.2 Point crossover (the genes of the second parent are shown in bold 
As it has been mentioned before, there are other methods for crossover' such as `multi-site 
crossover' and `ripple crossover'. A brief description of these two types of crossover is given 
below. 
Multi-site crossover is similar to the point crossover but instead of having only one crossover- 
site there can be several crossover-sites. This will lead to dividing each parent chromosome to 
several segments. Then, every other segment is exchanged between the parent chromosomes. On 
the other hand, the ripple crossover, which is also called `uniform crossover', does not involve 
the concept of a random site. Uniform crossover is based on generating a random number 
between 0 and 1 for each pair of genes of both parents that are at the same position. If the 
random number is less than a factor a, between 0 and 1, say, a=0.5, then the genes under 
consideration remain unchanged. On the other hand, if the random number is greater than or 
equal to a, then the genes of both parents are swapped. This process is carried out for all the 
genes of the parent chromosomes. It should be mentioned that the factor a can be changed 
depending on the problem. After producing the two new members of the population, the next 
stage takes place. 
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3.6.3 Mutation 
In the genetic algorithm, since the population size is limited it could happen that the process of 
mating produces children with genes that are not good enough for the best solution of the 
problem. The process converges to a particular solution, which might not be the global optimum 
solution. For instance, in the problem of Eqn 3.1, the process may converge to a local maximum 
such as point B in Fig 3.1. Mutation is another way by which the genetic algorithm explores the 
space of possible solutions. This process is based on altering some of the children produced by 
changing one or more of their genes. Mutation occurs according to a chosen rate. If the `mutation 
rate' per number of handled genes is µ, this means that the probability of a gene being mutated is 
µ. In other words, the number of mutated genes will be the number of handled genes multiplied 
by the rate of mutation. A typical value for µ is 0.005 and this is used for mutation in the 
example under consideration. For each gene of a child chromosome, a random number in the 
range 0 to 1 is generated. If this number is less than µ, then the corresponding gene is mutated. 
That is, if the gene is 1 it changes to 0 and vice versa. 
In the example under consideration, in one occasion applying the process of mutation led to 
changing the 20`h gene of the first child from 1 to 0. Therefore, the chromosome of the first child 
after mutation became 
01100101100110001110001101100000 
3.6.4 Decoding 
After mutation the stage of `decoding' takes place. At this phase in the process of the genetic 
algorithm there are two new children in the form of binary strings (binary chromosomes). These 
two binary strings represent two values of the variable X. The child binary chromosomes have 
their equivalent integer decimal values denoted by echt and echt for the first and second children 
respectively. These values are 
echl = 1704518496 and echt =111657088 
Now, in contrast to the process of encoding, in the decoding process the two child chromosomes 
are transformed into decimal values using the equation 
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X= 
(e-eL)(xu -XL) +XL 
eu -eL 
where 
3.3 
x is the decimal value of X that represents a child, 
XL and x are the lower and upper limits of X, 
eL and e are the integer decimal values that are equivalent to the lower and upper limits of the 
binary strings and 
e is the integer decimal value that is equivalent to the binary string of a child. 
For the example under consideration, applying the decoding process on the chromosomes of the 
first two children gives the X values of these children, which are referred to as Xch1 and Xch2 for 
the first and second children, respectively, as follows 
X 
(1704518496 - 0)(60 - 54) + 54 = 56.381185 chl = (232 _1)_o 
(111657088-0)(60-54) 
+ 54 = 54.155983 Xch = (232 -1)-O 
By the end of the decoding stage the process of mating between the parents has completed and 
the next step in the process of the genetic algorithm takes place. 
3.7 Replacement 
The step after the mating process is called the `replacement' process. In this stage, the two 
children produced in the mating process are placed in the population as new members. These two 
new members replace two old members of the population. The procedure is as follows: 
The new members should replace the two members of the population that have the least fitness 
values. In the given example, the two members of the initial population that have the least fitness 
values are members 3 and 5, which are indicated in bold in Table 3.2. In Table 3.3 these two 
members are replaced with the two new members, which are: 
56.381185 and 54.155983 
with their corresponding fitness values, respectively, being 
27.539185 and 61.257199 
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It can be noticed that the fitness values of the new members are better than the fitness values of 
the members that they replaced. Also, it should be mentioned here that during the process of 
replacement, the fittest member of the population is preserved and considered as the nearest 
result to the required global maximum. This fittest member is not replaced by a new member 
(new child), unless this new member has a better fitness value. For instance, member 2 in Table 
3.2 is kept as the fittest member in the initial population. 
It may happen that a new member of the population has a worse fitness value than the member it 
replaces. However, even in such a case the process of replacement is carried out. This is because 
of the possibility that the new member may contain some good characteristics (good genes), 
which may enter the gene pool in further iterations and improve the process of optimisation. 
Table 3.2 Initial population, with the two least 
fit members indicated in bold 
Member number Value of X 
Fitness value 
(value of Y) 
1 54.178066 70.876416 
2 58.747756 111.742926 
3 55.532291 -92.712819 
4 55.207802 20.033547 
5 55.520186 -89.236003 
6 55.759407 -80.361323 
7 56.359108 33.879979 
8 57.230038 -29.359597 
9 59.351826 -73.803712 
10 56.132768 72.473280 
3.8 Termination 
The previous steps of the genetic algorithm are carried out iteratively. Each iteration involves the 
processes of pairing, mating and replacement. Also, each iteration is called an `evolution cycle'. 
When the number of iterations reaches the number of half of the population size, then at this 
point `one generation' of the population is considered to be completed. That is, at this stage, the 
number of new members inserted into the population is equal to the number of the members of 
the initial population. Fig 3.3 shows an evolution cycle of the genetic algorithm. 
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Table 3.3 Population after replacing the least fit 
members with the new members 
Member number Value of X 
Fitness value 
(value of Y) 
1 54.178066 70.876416 
2 58.747756 111.742926 
3 56.381185 27.539185 
4 55.207802 20.033547 
5 54.155983 61.257199 
6 55.759407 -80.361323 
7 56.359108 33.879979 
8 57.230038 -29.359597 
9 59.351826 -73.803712 
10 56.132768 72.473280 
Pairing 
Mating 
Encodin -Crossover - Mutation - Decodin 
Replacement 
Fig 3.3 Evolution cycle 
For the example under consideration, after 5 iterations one generation is completed. The 
members of the population after the completion of one generation, together with their 
corresponding fitness values, are presented in Table 3.4. Comparing the new fitness values with 
the fitness values of the members of the initial population in Table 3.1, it can be noticed that the 
fitness values after one generation are improved and are generally closer to the required 
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maximum than those of the initial population. The fitness values of the initial population are 
more scattered than those evaluated after one generation. For instance, the average of the fitness 
values of the initial population is -5.647 but the average of the fitness values obtained after one 
generation is increased to 42.033. 
Table 3.4 Population after one generation 
Member number Value of X 
Fitness value 
(value of Y) 
1 54.095231 31.287362 
2 58.551806 49.641078 
3 56.205560 70.480392 
4 58.748187 111.774814 
5 56.711745 26.455985 
6 54.295379 102.423216 
7 56.438890 12.826587 
8 58.425875 -2.603254 
9 55.138412 24.179600 
10 59.999208 -69.493947 
Fig 3.4 shows a plot of Eqn 3.1 within the given range of X and it also shows the points 
representing the members of population after one generation. It can be seen from the figure that 
these points are moving towards maximums and most of the points have moved away from the 
minimum points (valleys). 
As the process carries on, the best fitness value increases in subsequent generations. For 
instance, after 10 generations the best obtained fitness value is 111.781503 for a value of X equal 
to 58.748279. Also, after 20 generations the best fitness value is 112.562317 for a value of X 
equal to 58.773181. Table 3.5 shows the best fitness values obtained for the generations 10 to 20, 
together with the corresponding values of X. It can be seen from the table that the values of X 
became closer to each other. Also, the increase in the best fitness value becomes slower as the 
results get closer to the global maximum, which is point A in Fig 3.1. 
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-50 
-100 
-150 
1 
54 55 56 57 58 59 60 
Fig 3.4 Plot of Eqn 3.1 
Table 3.5 Best fitness values for generations 10 to 20 
Generation 
number 
Value of X 
Fitness value 
(value of Y) 
10 58.748279 111.781503 
11 58.748279 111.781503 
12 58.748279 111.781503 
13 58.751209 111.781503 
14 58.751209 111.981175 
15 58.751209 111.981175 
16 58.751209 111.981175 
17 58.774646 111.981178 
18 58.774646 112.562317 
19 58.774646 112.562317 
20 58.773181 112.562317 
0 
X 
The process of the genetic algorithm should be terminated at some point. However, it is 
important to remember that the global maximum point is normally unknown, (and that is why the 
process of optimisation is carried out). Therefore, it is not possible to be absolutely sure whether 
or not the required maximum is reached. It is logical to stop the process after a number of 
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iterations if no improvement was achieved or if the improvement was very trivial. That is, if the 
difference between fitness values is small enough such that one may conclude that no further 
improvement in the fitness value could occur. In such a case, the process can be terminated and 
the last best fitness value can be taken as an acceptable result. Therefore, it is important to have a 
convergence criterion. For this work, Eqn 3.4 is used as the convergence criterion for the 
termination of the genetic algorithm. 
abs f; 
SE 3.4 
where 
f; and f; _1 are the best fitness values of the ith and the (i-1)`h generations, respectively, 
c is the convergence limit which has a typical value of 1 E-6 (as used in the current example) and 
`abs' is the function for the absolute value. 
It is important to mention that satisfying Eqn 3.4 once is not enough for termination. The reason 
is that Eqn 3.4 can be satisfied for two or more successive iterations although the genetic 
algorithm may be improving the solution in further iterations. For instance, in Table 3.5, it can 
be seen that the best fitness values for generations 10 to 13 are the same. Also, the best fitness 
values for generations 14 to 16 are the same and finally in generations 18 to 20 the best fitness 
values are identical. The convergence criterion of Eqn 3.4 is satisfied for each two successive 
generations in Table 3.5 that have the same best fitness value. However, as can be seen from the 
table the fitness value still keeps improving. Therefore, there should be a number of generations 
satisfying Eqn 3.4 before the process is considered to converge. The required number of 
successive satisfactions of Eqn 3.4 is called `confirmation count'. For example, for the current 
example the confirmation count was taken to be 30. The problem converged after 59 generations 
to the point 
X= 58.770430 and Y =112.592247 
Therefore, this result may be taken as an acceptable solution. 
Fig 3.5 shows the record of the best fitness values during the process of the genetic algorithm for 
3 attempts (3 runs of the genetic algorithm). The first attempt is the one presented in detail 
though the given example. As it can be seen from Fig 3.5, the second attempt converges after 
125 generations to the point 
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X= 58.770414 and Y =112.592248 
Also, the third attempt converges after 94 generations to the point 
X= 58.770470 and 'Y =112.592242 
Therefore, the three attempts were all successful in finding the global maximum of Eqn 3.1 
within the given range of X. Fig 3.5 also shows the periods of temporary satisfaction of Eqn 3.4 
in each attempt. These periods are represented by horizontal steps. For instance, in the third 
attempt the best fitness values for generations 5 to 23, are represented in Fig 3.5 by line AB. 
Attempt 1 
113 
Attempt 3 
112 
1A 
111 
W 
zi 
rl 
110 
w 109 
108 J 
107 
0 20 40 60 80 100 120 140 
Number of generations 
Fig 3.5 Record of the best fitness value for different attempts 
There is another termination criterion that can be eventually activated. This criterion defines the 
`maximum number of generations'. In case Eqn 3.4 was not satisfied after the `maximum 
number of generations', then the process is terminated. For the given example, the maximum 
number of generations is chosen to be 1000. Thus, the process will be terminated after 1000 
generations even if the convergence criterion was not satisfied. Then, the best fitness value after 
the 1 000`h generation may be taken as the solution. 
Running the process of the genetic algorithm, as mentioned before, may be repeated for a 
number of times and for each run one notes the solution obtained. Then, the best result among 
the repeated solutions can be taken as the required best solution. For example, from the three 
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attempts (3 runs) shown in Fig 3.5, the solution of the second attempt can be taken as the best 
solution, which is identical to the exact solution given at the beginning of the example. In fact, 
the given example is rather simple because it contains a single variable. More complicated 
problems, as will be seen later, normally have multiple variables. 
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CHAPTER 4 
Mechanism Order of Pin-jointed Assemblies 
4.1 Introduction 
Some pin jointed assemblies are kinematically indeterminate, that is, they involve mechanisms. 
A kinematically indeterminate pin jointed assembly implies that the assembly is naturally 
unstable. Studying the stability of such an assembly needs the knowledge of what is called as 
`order' of mechanisms. First order mechanisms are the only mechanisms that could be stabilised 
by prestressing. Higher order mechanisms cannot be stabilised using prestressing. In fact, 
recognising the order of mechanisms of a pin jointed structure is an area in which extra research 
is needed. Until recently, authors have given some contradictory results about the order of 
mechanisms of some pin jointed assemblies. In this research a new formula for finding the order 
of a mechanism has been discovered. The results of its applications have been compared to the 
latest findings about order of mechanisms that has been presented by Vassart [30] and some 
other authors, as will be shown in this chapter. Also, a new method of finding the highest 
mechanism order in a pin jointed assembly has been developed based on the new formula and 
the genetic algorithm. This has led to developing a computer program called MORS that finds 
the highest mechanism order of kinematically indeterminate pin jointed structures, which will 
also be discussed later in this chapter. 
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4.2 Mechanics of Pin jointed Assemblies 
Consider the example shown in Fig 4.1A. This is a planar structural configuration obtained by 
connecting three bars at three pin joints. This configuration is 'stiff, that is, its shape cannot be 
changed without changing the length of any of the bars. 
A 
C 
Fig 4.1 Stiff configurations of pin jointed bars 
Now, the addition of a pin joint together with two bars will again result in a stiff system as 
shown in Fig 4.1B. One can carry on adding a pin joint and two bars with the system remaining 
stiff, see Fig 4.1 C. The system will always satisfy the relation: 
b= 2j-3 
where b is the number of bars 
j is the number of joints 
4.1 
Eqn 4.1 is, in fact, the two-dimensional version of the Maxwell rule. The rule states that, for a 
two-dimensional assembly of pin jointed bars to be stiff, it is necessary for the assembly to have 
at least 2j-3 bars. However, as it will be made clear later, this condition is not sufficient. 
For a planar pin jointed assembly, which is connected to supports, the general expression of the 
Maxwell rule becomes: 
b= 2j-k 
where k is the number of constrained degrees of freedom. 
B 
4.2 
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4.2.1 Statically and Kinematically Determinate Assemblies 
Now, consider the example shown in Fig 4.2A. This is the assembly of Fig 4.1B supported by 
fixed and roller hinges. The assembly consists of b=5 bars and j=4 joints. Also, it has k =3 
constrained degrees of freedom. 
A 
C 
B 
--4 
-- 
Fig 4.2 Statically determinate assembly 
A: Original geometry of the assembly 
B: New geometry of the assembly 
by shortening the diagonal bar 
C: New geometry of the assembly 
by elongating the bottom bar 
/ 
I 
I 
I 
I 
I 
I 
This assembly satisfies Eqn 4.2. Therefore, the assembly in this case is `statically determinate'. 
In a statically determinate structure there is only one unique solution for the internal forces in the 
bars of the assembly that satisfies the equilibrium. Also, in this type of structure when there are 
no external loads, the member forces should all be equal to zero. In such a structure the number 
of unknown internal forces is equal to the number of the equations of equilibrium. This number 
is, in turn, equal to the number of degrees of freedom at the joints of the structure. 
In the case of a statically determinate pin jointed assembly, the member cross-sections and 
material properties do not affect the internal forces of the bars of the assembly. Also, any 
elongation or shortening of a bar will not produce any forces in the assembly. If the length of a 
bar is changed, the structure will assume a new geometry without any internal forces in the bars. 
For instance, in Fig 4.2B, the length of the diagonal bar is made shorter and the assembly will 
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assume the geometry indicated by the dashed lines where the lengths of the other bars have 
remained the same. Here, there are no stresses and strains involved in any of the bars. Also, in 
Fig 4.2C, by increasing the length of the bottom bar, the assembly assumes a different shape. 
Therefore, if any bar is removed from the assembly it will not have a defined shape and adding 
this bar will define the shape according to its length, which is making the assembly statically 
determinate. 
Fig 4.3 Statically indeterminate assembly 
4.2.2 Statically Indeterminate Assemblies 
Now, the assembly in the example of Fig 4.3 is obtained by adding one diagonal bar to the 
assembly of Fig 4.2A. Note that the two diagonal bars in Fig 4.3 are not connected and bypass 
each other at the middle. This assembly satisfies the inequality 
b> 2j-k 4.3 
In this case, the number of unknown internal forces, that is, b, is more than the available 
conditions of equilibrium, that is, 2j-k. The assembly of Fig 4.3 is `statically indeterminate'. In a 
statically indeterminate structure the internal forces cannot be uniquely determined by the 
equations of equilibrium alone. In this case, in addition to the conditions of equilibrium, it is 
necessary to consider the conditions of compatibility. In this type of structures the force 
distribution will be dependent on the external loads, the cross-sectional areas and material 
properties and the presence of initial prestressing in the system. 
In a statically indeterminate pin jointed assembly, built from weightless material and under zero 
external loads, the member forces are not necessarily equal to zero. It should be mentioned that 
any prestressing forces are not considered as applied external loads. Non-zero member forces 
could be created by changing the lengths of one or more bars. In Fig 4.3, if one of the edge bars 
is slightly shorter than it should be to fit in place, then the bar can be stretched to fit. The 
assembly will then involve stresses and strains although no external forces are applied. In this 
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case all of the edge bars will be under tension and the diagonal bars will be under compression, 
see Fig 4.4A. This state is known as a state of self-stress. Also, if an edge bar is slightly longer 
than it should be, then the bar can be pressed to fit in position and this will result in the assembly 
as a whole to be stressed. In this case, the edge bars will be under compression and the diagonal 
ones will be under tension, see Fig 4.4B. The assembly of Fig 4.3 is said to have one 
`redundancy'. In such an assembly, the internal forces, which can be created by changing the 
length of any of the bars, are always proportional to each other. That is, there is only one 
independent set of internal forces, which are not all equal to zero, in the absence of the external 
loads. Any other set is just proportional to this set. In other words, the internal forces associated 
with one way of changing the member lengths may be obtained from those associated with any 
other way of changing the member lengths multiplied by a proportionality factor +/-P. 
A u B. 
Fig 4.4 Assembly under a state of self-stress 
----- Tension 
Compression 
Now, consider the assembly of Fig 4.5. This assembly is a square shaped version of Fig 4.3 with 
an extra joint at the middle of the top bar and with two new bars connecting this joint with the 
supports as shown in Fig 4.5. It is to be noted that in Fig 4.5, when two elements cross each other 
without an indication of a joint (a small circle) it implies that the elements are not connected 
together and they bypass each other. In the assembly of Fig 4.5, the number of redundancies, as 
obtained from the Maxwell rule of Eqn 4.2, is equal to two. In this assembly, like the assembly 
of Fig 4.3, prestressing any bar will set up internal forces without any external loads. That is, 
prestressing any bar will set up a state of self-stress. 
The assembly of Fig 4.5 has the following properties: 
9 The length of each side of the square is 1.0m. 
" The cross sectional area is 0.0001m2. 
9 The modulus of elasticity is 2e11N/m2. 
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Fig 4.5 Pin jointed assembly with two redundancies 
The initial strain of 5e-5 (that is, 0.00005) is used to apply prestress in the assembly. Fig 4.6 
contains a number of states of self-stress for the pin jointed assembly of Fig 4.5. In each of the 
cases shown in Fig 4.6 the prestressed bars are denoted by double lines. In Figs 4.6A, 4.6B and 
4.6C only a single bar is prestressed and in each case the resulting internal forces are shown on 
the right -hand side of the figure preceded by the element numbers. The internal forces shown in 
Fig 4.6 are obtained using the Structural Finite Element Analysis package ANSYS [38]. The 
forces, in Newtons, are given accurate to six decimal places. In Figs 4.6D and 4.6E two bars are 
prestressed simultaneously. Also, in Fig 4.6F, three bars are prestressed simultaneously. It is 
important to establish the maximum number of the independent states of self-stress in the 
assembly of Fig 4.5. To elaborate, some of the states of self-stress shown in Fig 4.6 are not 
`independent' and may be obtained as `linear combinations' of the other states of self-stress. In 
order to investigate this particular aspect, it is convenient to consider that the bar forces in each 
of the states of self-stress in Fig 4.6 as components of a vector. The study of linear dependence 
or independence of the states of self-stress will then reduce to the study of the linear dependence 
or independence of the corresponding vectors. For instance the set of internal forces of the 
assembly of Fig 4.6A can be written as: 
F1= [-307.934 -307.924 -106.284 -106.287 -207.107 150.311 435.463 -225.433 225.45211 
In order to find the number of linearly independent vectors corresponding to the states of self- 
stress in Fig 4.6, one may arrange the vectors as the rows or columns of a matrix. The `rank' of 
this matrix will then be the number of the linearly independent vectors [39]. 
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A: State of self-stress 
C: State of self-stress 
E: State of self-stress 
Bar Bar force 23 Bar Bar force 
No (Newton) No (Newton) 
76 
1 -307.934 141 53.143 
2 -307.924 2 8 53.144 
3 -106.284 3 153.967 
4 -106.287 4 153.972 
5 -207.107 5 103.558 
6 150.311 56 -217.738 
7 435.463 7 -75.156 
8 -225.433 8 -112.729 
9 225.452 B: State of self-stress 9 112.716 
1 126.024 
2 126.033 
3 -126.023 
4 -126.016 
5 0.005 
6 178.224 
7 -178.236 
8 281.799 
9 -281.801 
D: State of self-stress 
1 180.545 
2 180.539 
3 130.128 
4 130.126 
5 155.334 
6 184.026 
7 -255.316 
8 56.346 
9 -56.368 
F: State of self-stress 
Fig 4.6 Assembly has two independent states of self-stress 
(The elements shown in double lines are the elements 
with the initial strain) 
1- 179.163 
2 179.177 
3 27.939 
4 27.939 
5 103.555 
6 -39.512 
7 -253.390 
8 169.088 
9 -169.078 
1 -260.258 
2 -260.236 
3 -361.061 
4 -361.078 
5 -310.661 
6 510.613 
7 368.023 
8 112.757 
9 -112.699 
One difficulty that will be encountered is related to the fact that the values of the internal forces 
are stored in the computer in a floatal form and therefore their accuracy will be to a limited 
number of decimal places. In finding the rank of the matrix that contains these numbers, the 
calculations will inevitably be approximate due to the initial inaccuracies and the subsequent 
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rounding errors. Therefore, it is essential to specify the value below which a number should be 
regarded as zero. This value is referred to as tolerance. In determining the rank of the matrix 
relating to the states of self-stress in Fig 4.6, a suitable tolerance was found to be 
t=If1*10-4 
where f is the largest entry (in absolute value) in the matrix. 
The rank of the matrix, whose rows are the forces in the states of self-stress shown in Fig 4.6, 
was found to be two. This implies that there are two independent states of self-stress for the 
assembly of Fig 4.5. The rank was obtained using the mathematical computer package `Matlab' 
[40]. Other states of self-stress for this assembly can be created by simultaneously prestressing a 
number of bars of the assembly. However, the number of the independent states of self-stress for 
this assembly will always be equal to two. 
Some sets of internal forces created by prestressing the assembly of Fig 4.5 could be dependent 
on each other with the matrix that contains them having rank one. This will happen when 
prestressing any one or any combinations of the three bars that are connected to the joint 
indicated by the letter A in the assembly of Fig 4.7. The reason is that the forces in bars 1,2 and 
7 must satisfy the equilibrium at joint A. since there are only three bars connected to joint A then 
the ratios between the forces in these bars should remain the same. To elaborate, if the forces in 
bars 1,2 and 7 are denoted by TI, T2 and T7, respectively, then the ratio R1=T1/T2 will always be 
the same as will the ratios R2=T1/T7 and R3=T2/T7. The ratios R1, R2 and R3 between the forces 
in the bars 1,2 and 7 will apply even when any of these bars or any combinations of them are 
affected by an initial strain. 
Now, let the prestressing forces in bars 1,2 and 7 be equal to T1, T2 and T7. These prestressing 
forces will create a set of forces in the rest of the bars of the assembly of Fig 7. Since the ratios 
R1, R2 and R3 between the forces T1, T2 and T7 are to remain the same in all circumstances, then 
if any other set of prestressing forces for bars 1,2 and 7 may be represented by aTl, aT2 and 
aT7 where a is a factor. These prestressing forces will create a set of prestressing forces in the 
rest of the bars of the assembly of Fig 4.5 with the prestressing force in each bar being a times 
its previous value. Therefore, the set of prestressing forces in all the bars of the assembly 
remains proportional to the original set. Fig 4.7 shows four dependent states of self-stress of the 
assembly of Fig 4.5. Here, if the set of internal forces shown in Fig 4.7A is taken as the reference 
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set, then the sets of internal forces shown in Figs 4.7B, 4.7C and 4.7D have values of a equal to 
-1,1.5 and -0.5 respectively. 
It is important to mention that the initial force applied to any member of the assembly of Fig 4.5 
due to the initial strain does not remain the same value after the prestressing is complete. After 
prestressing, the initial forces redistribute between the members of the assembly. Eventually one 
can find that non-prestressed elements of the assembly carry forces and those prestressed ones 
carry forces different from the initial prestressing forces. 
A: State of self-stress 
C: State of self-stress 
Bar Bar force 
No (Newton) 
1 153.972 
2 153.967 
3 53.144 
4 53.143 
5 103.558 
6 -75.156 
7 -217.738 
8 112.716 
9 -112.729 
1 230.957 
2 230.951 
3 79.717 
4 79.715 
5 155.332 
6 -112.735 
7 -326.606 
8 169.076 
9 -169.091 
A 
B: State of self-stress 
A 
D: State of self-stress 
Fig 4.7 Four dependent states of self-stress 
4.2.3 Kinematically Indeterminate Assemblies 
Bar Bar force 
No (Newton) 
1 -153.963 
2 -153.953 
3 -53.139 
4 -53.139 
5 -103.551 
6 75.151 
7 217.716 
8 -112.704 
9 112.726 
1 -76.976 
2 -76.972 
3 -26.568 
4 -26.568 
5 -51.770 
6 37.573 
7 108.850 
8 -56.348 
9 56.358 
Consider the example of the pin jointed assembly of Fig 4.8A. This is a statically determinate 
assembly and an applied lateral load P will be taken by the assembly. Consequently, the 
assembly will involve stresses and strains. Now, consider the assembly of Fig 4.8B. This 
assembly is obtained by removing one bar from the assembly of Fig 4.8A. The Maxwell's 
inequality for this assembly is of the form: 
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b<2j-k 4.4 
where b=4 (number of bars) 
j=4 (number of joints) and 
k=3 (number of constrained degrees of freedom). 
IN- P 
A 
P 
a----" 
B . 
Fig 4.8 A: Statically determinate assembly under lateral load 
B: Kinematically indeterminate assembly under lateral load 
This assembly is statically unstable and cannot support the externally applied load P. Therefore, 
the assembly of Fig 4.8B is `kinematically indeterminate'. The assembly in this case includes a 
mechanism where the assembly changes its shape without any stresses and strains. Here, the 
assembly undergoes large displacements with no changes in the lengths of the bars. A 
mechanism of this type is called a `finite inextensional mechanism'. The term `inextensional' 
reflects the fact that there are no bar extensions during the movement of the mechanism. Also the 
term `finite' is used to imply that for a finite motion, the elongation of each bar is zero [17]. 
Now, consider the bar assembly shown in Fig 4.9. The assembly of Fig 4.9A is statically 
indeterminate and a vertical load P applied at the top middle joint will be taken by the assembly 
without any problem. The assembly of Fig 4.9B is obtained by removing the two central 
elements of the assembly of Fig 4.9A. These are the elements that connect the central top joint 
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with the supports of the assembly. The assembly of Fig 4.9B satisfies Maxwell's equation for 
statical determinacy, that is, 
b= 2j-k 
where b=7 (number of bars), 
j=5 (number of joints) and 
k=3 (number of constrained degrees of freedom). 
P 
A B 
Fig 4.9 A: Assembly has no mechanisms 
B: Assembly has an infinitesimal 
inextensional mechanism 
P 
4.5 
In spite of this, the assembly of Fig 4.9B actually contains a mechanism occurring at the top 
central joint. An applied vertical load P at this joint will activate the mechanism shown by 
dashed lines and causes the joint to move until it reaches a stable state, when the load will be 
supported. This mechanism involves changes in length of the bars but these changes are very 
small (infinitesimal, as compared with the dimensions of the assembly). A mechanism of this 
type is referred to as an `infinitesimal inextensional mechanism' or an `infinitesimal mechanism 
for short [17]. Generally for an infinitesimal mechanism the changes in the lengths of the bars as 
compared with the displacement of the joint are very small. The changes in the bar lengths are 
usually infinitesimal values of higher order than those of the joint displacements. 
The term `infinitesimal variable' refers to a variable whose value approaches zero. Also, two 
infinitesimal variables x and y are said to be of the same order if the limit of the ratio x/y is 
nonzero and finite. Furthermore, if the limit of x/y° is nonzero and finite then x is said to be an 
infinitesimal of the n`h order (if y is an infinitesimal of the first order). 
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As an example consider a variable 8, in the range 10"10 to 10"20. Now, consider a variable S2 = 
S, 3. Some values for 81 and the corresponding values for S2 are shown in the following table. 
Table 4.1 Values of S, and Si as infinitesimals 
81 3 82=8, 
10-10 10-30 
10-11 10-33 
10-12 o-36 
o-, IU 10 
Here, the variable S, is associated with very small values (infinitesimal values) but the variable 
S2 is associated with even smaller values (infinitesimal of higher order). In this example it can 
be said that S2 is an infinitesimal of the Porder, with S, being considered as an infinitesimal of 
the first order. In this example, the values of variable 8, and 82 are not really infinitesimals in 
the true mathematical sense, since an infinitesimal variable will not have a `finite value' as such. 
However, in mechanics of structures the term infinitesimal has been borrowed to imply a very 
small value. 
In the studies of mechanics of structures, the definition of a mechanism order is related to the 
size order, which is quantified by the members of the structure (reticulated system) and 
displacements of the structure [30] in a way that the member lengths `Li' are considered as finite 
and assumed to be of zero order (00) where the symbol `0' stands for the word `order' and the 
subscript stands for the order value which is zero. 
IIL; II = 00 with {L; } = {L1, L29 ....., L;, ....., Lb} where b is the number of the members 
Also, the joint displacements are assumed to be small with respect to the size of the structure, 
consequently the displacements are assumed to be of order one 
Ildill = 0, with {d; } = {d1, d2, ....., d;, ....., dk) where k is the number of the degrees of 
freedom 
Now, with respect to the elongations of the elements of the assembly under the effect of forces, if 
the assembly has no mechanisms then the elongations accompanied with the displacements can 
be assumed to be of first order (01). However, in the case of the existence of mechanisms, it has 
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been mentioned that they are called inextensional mechanisms. The term here means there are no 
extensions of first order with respect to the displacement. In fact, mechanisms usually have 
changes in lengths (elongations) but of a higher order. The order of changes in member length 
accompanied by a mechanism can be of 2nd, 3rd.......... or nt'. In fact, from the order of the 
elongations accompanied with a mechanism one can know the order of the mechanism as it will 
be shown later. 
4.3 Mechanism Order and a New Formula to Obtain It 
To investigate the phenomenon of an infinitesimal inextensional mechanism, consider the 
assembly shown in Fig 4.10. This assembly consists of two collinear bars connected to each 
other at one end and supported by two fixed pin supports at the other ends. The assembly has the 
following properties: 
" The element length Lo is 500mm. 
" Cross-sectional area of each bar is 100mm2. 
" Modulus of elasticity is 2e11Pa. 
ljý 
_--0-- 
Ll 
d 
x/41 11' 
Iýý 
i 
I'o 
. 
I-o 
i 
Fig 4.10 First order infinitesimal mechanism 
If different values of vertical displacement are imposed on the central joint, this joint will move 
to different positions and will cause the bars to displace as shown in Fig 4.10 by dashed lines. 
Each bar will assume a new length L1 for an imposed displacement d. The length of Ll is simply 
equal to the original length plus the elongation e of a bar. From pure geometry the relationship 
between the original and the new length of each bar can be calculated from the formula: 
L, 2 =Lö+d2 4.6 
or L1 _ (Lö +d2) 
Therefore, the elongation of each bar can be expressed as: 
e= (5002 + d2) -500 4,7 
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This equation has been used to obtain the value of e for a number of values of d as shown in 
Table 4.2. 
Table 4.2 Bar elongations due to the imposed displacements in the assembly of Fig 4.10 
d mm 0.01 0.1 1 10 100 
e mm 0.0000001 0.00001 0.001 0.1 X10 
In this research a new formula has been found which can find the order of infinitesimals. This 
formula is used here to investigate the order of mechanisms of an assembly. For instance, the 
order of changes in lengths with respect to the displacement can be obtained by applying the 
formula 
r_ 
log(e2max /elmax) 
4.8 
log(d2/dl) 
where d, and d2 are two values of joint displacements of an imposed mechanism, 
eIma,, and e2 ma,, are the largest values of bar elongations in the assembly due to the 
displacements dl and d2, respectively, and 
r is the order of the change in lengths. 
The derivation of this formula will be shown later. For instance, from Table 4.2 some values of 
displacement and the corresponding elongations are: 
0.1 10"5 
0.01 10-7 
Applying the formula 
log(10'' /10'1) 
_2 log(10'2 /10-1) 
Also, one can choose any other pair of values of displacement and their corresponding 
elongations, which are not successive in Table 4.2, as follows: 
1 10-3 
0.01 10'1 
Using the same formula 
log(10'' /10'3) 
_2 log(10'2 /l) 
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This formula can be applied for small values of displacements (relative to the dimensions of the 
assembly). For instance, the values of displacements used in Table 4.2 should not exceed a few 
centimetres. The values of displacements used here are within acceptable limits. The mechanism 
of Fig 4.10 is of the first order and this is well known [30]. 
A mechanism is said to be of the first order if the change in length of a bar due to an 
infinitesimal displacement of the mechanism is of the second order as in the case of the assembly 
of Fig 4.10. Also, a mechanism is said to be of the second order if the change in length due to an 
infinitesimal displacement of the mechanism is of the third order. In general, a mechanism can 
be considered of order r if an infinitesimal displacement of the mechanism involves changes in 
lengths of a bar with an order of r+1 and no changes of lengths of order less than or equal r are 
found [29]. 
Now, consider the assembly shown in Fig 4.11A. It has two mechanisms and both of them are of 
the first order [30]. If one imposes displacements on each joint separately and studies the 
elongations created in the bars, then by applying Eqn 4.8 the order of each mechanism can be 
obtained. 
A x, _pp,. ýx 1a2b3 
1a2b3 
1a2b3 
Fig 4.11 A: Three bar assembly has two independent mechanisms 
B: Mechanism 1 
C: Mechanism 2 
It is important to mention that when a displacement is imposed to activate a mechanism the aim 
is to find the order of the changes in lengths of the bars of the assembly, which have the largest 
strains. Moreover, one can use the elastic strains in the relation of Eqn 4.8 to find the order of 
changes in lengths. Table 4.3 shows different imposed displacements for each mechanism and 
their corresponding changes in lengths of the bars together with the corresponding strains for 
each bar of the assembly of Fig 4.11A. 
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Table 4.3 Bar elongations and strains due to imposed displacements of the 2 mechanisms 
Displacement Bar 
Displacement at joint a. Displacement at joint b. 
(d) (mm) No. . 
Elastic strain 
(c) 
Elongations (e) 
(mm) 
Elastic strain 
(c) 
Elongations (e) 
(mm) 
1 9.9982e-11 4.99918e-8 le-10 5e-8 
10'2 2 le-10 5e-8 le-10 5e-8 
3 le-10 5e-8 9.9982e-11 4.9991e-8 
1 9.9999e-9 4.9999e-6 le-8 5e-6 
10'1 2 le-8 5e-6 le-8 5e-6 
3 le-8 5e-6 9.9999e-9 4.9999e-6 
1 1 e-6 5e-4 le-6 5e-4 
1 2 le-6 5e-4 1 e-6 5e-4 
3 1 e-6 5e-4 1 e-6 5e-4 
It is important to mention that the results for this assembly and the rest of the assemblies in this 
section are obtained by applying a geometrically non-linear analysis method using the ANSYS 
analysis package [38]. Also the properties of the assembly of Fig 4.11A and the rest of the 
assemblies in this section are the same as those of the assembly of Fig 4.10. 
Consider the following values of displacements for mechanism 1 and their corresponding results 
of highest strains and elongations taken from Table 4.3 bar number 3. 
dce 
10'2 le-10 5e-8 
10'1 le-8 5e-6 
By using the elongations and applying Eqn 4.8 
log(5e-8/5e-6) 
_2 log(10-2 / 10-1) 
or by using the strains and applying Eqn 4.8 
log(le-10/le-8) 
_2 log(10'2 /10-1) 
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The order of changes in lengths is 2 and consequently the mechanism is of the first order. Also, 
one can easily observe from Table 4.3 that the results of the displacements at joint 2 are similar 
to those of the first joint. Therefore, the second mechanism is also of first order. 
Now, consider the assembly shown in Fig 4.12. 
-a. - X 
Im 
Im 
Fig 4.12 Third order infinitesimal mechanism 
Consider the values of imposed displacement d given in Table 4.4 for the mechanism shown in 
Fig 4.12 by dashed lines. Table 4.4 shows the largest elongation that occurs at each 
displacement. It is important here to clarify that an imposed displacement d which activates the 
mechanism consists of the kinematical displacement dK and the orthogonal displacement dl, 
where any displacement d can be expressed as: 
d=dK+dI 4.9 [30] 
For instance for the mechanism of Fig 4.12, a basis for the left null space (see Section 5.2.3.3) is: 
ix jy Lx Ly 
m= [0 01 0]T 
Therefore the kinematical part of the displacement can be expressed as: 
dK =[0,0, b1,0 ] where bi is any arbitrary real number 
Also, a basis for the orthogonal space, that is, the column space of A (see Section 5.2.3.2) is: 
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jx jy Lx Ly 
T 
1000 
Ac= 0100 
0001 
Therefore: 
dI =[a,, a2,0 , a3 ] where al, a2 and a3 are any arbitrary real numbers 
Im 
Im 
Fig 4.13 Seventh order infinitesimal mechanism 
Here, for this mechanism the imposed displacement d to activate the mechanism of the assembly 
of Fig 4.12, which is at joint L in the X direction, is equal to the kinematical displacement only 
where the orthogonal displacement is zero at this degree of freedom. 
That is 
d=dK+dI=b1+0=bi 
Table 4.4 Imposed displacements and the corresponding 
maximum elongations of the assembly of Fig 4.12 
Displacement 
(d) (mm) 
Elongations (e) 
(mm) 
10 0.50003e-5 
15 0.25316e-4 
20 0.80019e-4 
25 0.19538e-3 
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From Table 4.4 applying Eqn 4.8 shows that elongations of order four are found. For instance, 
the values of the last two rows of Table 4.4 give: 
log(O. 19538e - 3/0.80019e - 4) 
log(25/20) = 
4.00 
Therefore, the order of the mechanism is three. This result agrees with different authors such as 
Tarnai [28] and Kuznetsov [41] who said it is of order three, Salerno said it is at least of third 
order (because his program cannot be used after order three) and Vassart showed that it is of 
order three[30]. However, Connelly [42] claimed that it is an infinitesimal mechanism of order 
two. 
Now, consider the assembly of Fig 4.13. The mechanism of the assembly is indicated by dashed 
lines in the figure. In a similar way like the case of Fig 4.12, Table 4.5 has been obtained. From 
this table, applying Eqn 4.8 shows that the elongations involved in the assembly are of order 8. 
The values of the first two rows of Table 4.5 give: 
log(0.13023e - 3/0.50405e - 5) = 8.01 log(150/100) 
Table 4.5 Imposed displacements and the corresponding 
maximum elongations of the assembly of Fig 4.13 
Displacement 
(d) (mm) 
Elongations (e) 
(mm) 
100 0.50405e-5 
150 0.13023e-3 
200 0.13125e-2 
250 0.78924e-2 
Thus it can be concluded that the mechanism of Fig 4.13 is of the 7th order. Also, this agrees with 
the results of some authors such as Vassart [30]. 
Now, add two extra bars to the assembly of Fig 4.13 so the assembly becomes like that shown in 
Fig 4.14. This assembly has one mechanism as shown in the figure with dashed lines. Table 4.6 
shows different values of imposed displacement and the corresponding largest elongations in the 
assembly. 
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From Table 4.6 applying Eqn 4.8 shows that elongations of the sixteenth order exist in the 
assembly. For instance, for the values of the first two rows of Table 4.6: 
log(O. 23325e - 5/0.12447e - 6) 
log(300/250) 
Im 
Im 
Im 
=16.07 
Fig 4.14 Fifteenth order infinitesimal mechanism 
Therefore, it can be said that the mechanism of the assembly is of the fifteenth order and this 
result is in accordance with that found by Vassart [30]. 
Table 4.6 Imposed displacements and the corresponding 
maximum elongations of the assembly of Fig 4.14 
Displacement 
(d) (mm) 
Elongations (e) 
(mm) 
250 0.12447e-6 
300 0.23325e-5 
350 0.27676e-4 
400 0.23418e-3 
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It is important to mention that from considering the definition of order of a mechanism that was 
presented at the beginning of this section, it can be deduced that if the order of changes in length 
for some bars in an assembly is different from the order of changes in other bars within the same 
mechanism, then the smallest order is considered as the order of changes in length of the 
assembly and based on this order the order of that mechanism is classified. 
The smallest order of changes in length in an assembly due to an activated mechanism is usually 
accompanied with the bar(s) with the largest elongation. However, there might be some cases 
where the smallest order of changes in length does not correspond to the largest elongation in the 
assembly due to an activated mechanism. Therefore, Eqn 4.8 becomes: 
log(e2 /e, ) 
r= log(d2/d, ) 
4.10 
where the only differences between equation 4.10 and 4.8 are the change of elmax to ei and the 
change of e2max to e2 (since these elongations are not always maximum). Eqn 4.10 should be 
evaluated for the elongations of each bar of the assembly, then the smallest r can be considered 
as the order of changes in length of the assembly. 
For the previous examples the smallest order of changes in length is accompanied by the 
maximum elongation. For instance, Table 4.7 shows the elongations of all the members of the 
assembly of Fig 4.12 due to the imposed displacements dj= 20mm and d2 = 25mm. In this table, 
r values which are obtained from Eqn 4.10 are found for the elongations of each member of the 
assembly. It can be noticed from Table 4.7 that the smallest r value is equal to 4. As it can be 
seen, this order corresponds to the bar of the largest elongations in the assembly. 
Table 4.7 Imposed displacements and the corresponding element elongations for Fig 4.12 
Element no. Elongations for d1=20mm Elongations for d2 =25mm r value 
1 0.80019e-4 0.19538e-3 4.00 
2 0.80013e-4 0.19536e-3 4.00 
3 0.63021 e-7 0.24047e-6 6.00 
4 0.63021 e-7 0.24047e-6 6.00 
4.3.1 Derivation of the Formula 
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The derivation of Eqn 4.10 will be presented in a general form as shown below: To start with, 
consider two variables x and y, with y being a function of x as follows: 
X 
where r is a real number. Consider two values xl and x2 for x. These will give rise to two values 
yl and y2 for y: 
Yl = Xlr 
Y2 = X2r 
Now, the power r of the function can be evaluated from 
r 
Log(y2) Log( 
X2r) 
Log(X2 )r r Log(X2 ) 
Yi 
_ 
XI 
_ 
XI 
= 
X1 
_r4.11 
Log(X2) Log(X2) Log(X2) Log(X2 ) 
xl xl xl xl 
with Y2/Yl, X2/Xl >0 
Eqn 4.11 can be used in finding the order of infinitesimals as discussed below. 
Consider the infinitesimal values e and d, where e is a function of d, e may be written as an 
infinite power series in terms of d, as follows [28]: 
e =aid+a2 d2+a3 d3+,.,,, +and"+a(n+l) d(°+»)+,,,,, 4.12 
where at, a2, a3, ...., an, a(+I), .... are coefficients. 
If e is of the third order with respect to d then al = a2 =0 and 
e= a3 d3 + ..... + an 
do + a(n+i) d(n+l)+ ..... 
In general, if e is of the nth order with respect to d then al = a2 = .... = a(r_1) =0 and 
e=ando+a(n+l)d(n+l)+..... 4.13 
Now, if there is a value of d (say, dl) that gives a value of e (say, el) of the nth order with respect 
to dl, then 
n (n+l) e1= an d1 + a(n+1) dl + ..... 
Since dl is an infinitesimal value then terms following a dl° can be ignored and 
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e1=adl° 4.14 
If d2 is a proportion of di, say, 
d2=adi 4.15 
where a is a nonzero real number, then d2 gives a value of e (say, e2) of the nth order with 
respect to d2, that is, 
e2 = a d2° + a(n+l) d2("+1)., }., ..... 
and 
e2=ad2" 4.16 
Now, applying Eqn 4.11 for finding the order of e with respect to d, utilising Eqns 4.14 and 4.16, 
gives: 
Log(e2) ad° Log( 2n) Log(d2 )" n Log(d? ) 
Order = 
el 
= ___and, _ 
dt 
_ 
di 
=n 4.17 
Log(ä2) Log(d? ) Log(a2) Log(d2 ) 
t dt dt dt 
with e2/ei, d2/dl >0 
In the study of infinitesimal mechanisms in structural mechanics, Eqn 4.17 can be applied as 
illustrated below: Consider a pin jointed assembly which contains b bars and c components of 
nodal displacements. The relation between an elongation of a bar (ekt) and an infinitesimal 
component of a joint displacement (di) can be expressed in a power series as: 
ekt = atkcdc + a2kt d12 +a3kt dc3 + ..... + ankc dc° + ...... 4.18 
where k=1,2,3, ...., b represents a typical bar and t=1,2,3, ...., c represents a typical 
component of nodal displacement and where ekt denotes the elongation of the k`h bar due to the tth 
component of nodal displacement 
Now, fora set of infinitesimal displacements dt (t =1,2,3, ...., h, ...., c) Eqn 4.18 can 
be: 
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ekl = alkl d1 +a2k1 d12 +a3k1 d13 +..... +ankl dIn+...... 
ek2 = alk2 d2 +a2k2 d22 +a3k2 d23 +""""" +ank2 d2° +...... 
ek3 = alk3 d3 +a2k3 d32 +a3k3 d33 +""""" +ank3 d3n +...... 
...... 4.19 
ekh = alkh dh +a2kh dh2 +a3kh dh3 +..... +ankh dhn ....... 
ekc = alkcdc +a2kc dc2 +a3kc dc3 +..... +ankc den +...... 
That is, the elongation of bar k (Ek) due to a set of displacements dt (t = 1,2,3,...., c) can be 
written as: 
c 
Ek = Yekt 
1=1 
If the elongation of bar k (Ek) is of the nth order with respect to the set of displacements (dt) (t = 
1,2,3, ...., c), then at least one of the bar elongations due to a nodal displacement should 
be of 
the nth order and the rest of the elongations due to the other nodal displacements are of the nth 
order or higher. 
To elaborate further, two cases will be considered. The first case is when only one of the 
elongations of the bar k is of the nth order and the second case is when more than one elongation 
is of the nth order, say, all of them. 
As the first case, suppose only one elongation of bar k is of the nth order, say, ekh and the rest of 
the elongations are of order higher than n, then Eqn 4.19 can be written as 
_ +"""""" ekl a(, 
+l)kl 
dl n+l 
e, 2 = a(n+l)k2 den+1 +...... 
e, 3 = a(fl+1)k3din+1 +...... 
ek,, = akhdh" +...... 
+...... ekc = a(n+I)k dc 
n+l 
Then, 
c 
Ek = ekt = (a(n+l)kl dln+l ...... )+(a(n+l)k2 d2n+1 ...... )+(a(fl+1)k3 din+1 
t4 
J 
+........ +(a&,, dh° +..... )+........ +(a(n+l)k d, 4+' +..... ) 
or 
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Ek 
- ankhdh 
n 
A proportional set of displacements (ads) will also result in an elongation of the nth order, that is, 
c 
Eka 
-Zekat =(a(n+l)kl 
(ad, )n+1 ...... )-i-(a(n+l)k2 (ad2)n+1 +..... )+(a(n+l)k3 (ad3)n+1 -4-..... 
) 
t=1 
+........ +(afkn(adh)° +..... )+........ +(a(fl+qk (adC)n+i +..... ) 
or 
ad Eka =ankh( On 
The order of changes in length of bar k (Ek) with respect to the set of displacements dt (t = 1,2, 
3, ..., h,..., c) can be found from the relation (Eqn 4.17): 
c 
Ee 
kat 
Log( 
Ek«) 
Log(" ) 
c Log(ankh 
(adný)°) n 
Log(a° 
(ankhdh 
" 
=k =tI =a nkh 
dh nLoga 
= 
(a 
nkh 
dh)= Loga 
= 
ga 
=n 
Log(a -L) Log(ad`) Log(ad Log(a 
1t) Loga Loga 
dt dt d, dt 
fort=1,2,3,...., c 
Now, consider the case when all the elongations are of the nth order, then Eqn 19 can be written 
as: 
ekl = a, ilc, 
dl" +...... 
ek2 =ak2d2" +...... 
ek3 = ank3d3" +...... 
ekh =ank,, dh" +...... 
eke= ankcdc n +...... 
That is, 
C 
Ek = Sekt =ank1 d1 +ank2 d2n +ank3 d3n ......... +ankhdhn ......... +ankc den 
A proportional set of displacements (adt) will also result in an elongation of the nth order, that is, 
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ekal =ank1 (ad, ). +...... 
+...... eka2 =ank2 (ade)b 
eka3 =a, (ad3)" +...... 
ekafi =anw, (adh)" +...... 
+...... ekac=a, (adC)n 
or 
Eka = 
Ee 
=a ad n +a ad n +a ad n +..... +a ad n +..... +a (ad )n kat nkl ( 1) A2 ( 2) nk3 ( 3) nkh 
( h) nkc c 
t=1 
The order of changes in length of bar k (Ek) with respect to the set of displacements dt (t = 1,2, 
3, ...., c) can be found from the relation (Eqn 4.17): 
c 
F-ekat 
E Log(t c) Lo 
(anklad1)" +ank2(ad2)" +..... +ankh(adh)" +..... +ankc(adc)")) 
ka Log( 
Ek) Yekt 
_ 
g( 
(ankldt" +ank2d2" +..... +ankhdh" +..... +ankcdcn) 
Order = 
Log(ad t) Log(ad ) gý Lo 
ad t) 
dt dt dt 
Log( 
an(ankldln +ank2d2n . """". +ankhdhn ...... +ankcdcn)) 
_ 
(ankldln +ank2d2n +..... +ankhdhn +..... +ankcdcn) Logan 
= 
nLoga 
_n 4.20 
Log( adt) Loga 
Loga 
dt 
for t =1,2,3, ...., c 
Now, the order of change in lengths of the bars of the assembly with respect to the set of nodal 
displacements is considered to be the smallest order of change in length among the bars of the 
assembly. That is, if the smallest order of change in length is for bar k of the assembly, then the 
order of changes in length of the bars of the assembly is considered to be n. Consequently, the 
order of the infinitesimal mechanism presented by the set of displacement (dt) is (n - 1). It 
should be noticed that Eqn 4.20 is, in fact, the same as Eqn 4.10. 
For assemblies with more than one mechanism it becomes more complicated, because the 
independent mechanisms can produce an infinite number of mechanisms. Therefore, using Eqn 
4.10 one can find the order of changes in lengths that exist in an assembly for a certain given 
imposed displacements that activate a combined mechanism. However, since there are many 
possible combinations of imposed displacements, finding the highest order of mechanisms 
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of an assembly needs the trial of different combinations of imposed displacements. In fact, this 
situation has some similarity with that of finding a combined state of self-stress that will stabilise 
mechanisms of an assembly in the case when the assembly has more than one state of self-stress, 
see Section 5.3.3.2. 
4.4 Genetic Algorithm as a Search Technique 
In the case of an assembly with more than one mechanism, an optimisation method is needed to 
search, using Eqn 4.10, for the highest mechanism order in the assembly. The target is to find a 
combined mechanism that has the highest mechanism order. 
For an assembly with m mechanisms, a general mechanism can be described by the relation: 
A11 A21 A31 Amt 
A 
12 
A22 A32 Amt 
ßi A13 +ß2 A23 +ß3 A33 +... +ßm Am3 
At(2j-k) A2(2j-k) A3(2j-k) Am(2j-k) 
Here, the ß multipliers are any set of m real numbers, with the provision that they cannot all be 
zeros. The column vectors in the above summation are the transposes of the rows of the matrix 
Ain, which is the left null space of the equilibrium matrix A, see Section 5.2.3.3. The genetic 
algorithm can be used to find a set of ßs that creates a general mechanism that gives rise to the 
highest order of mechanism in the assembly. During the process of the genetic algorithm, a set of 
ßs is selected and the mechanism that is created by this set of ßs is activated as imposed 
displacements in the assembly. Then, using geometrically nonlinear analysis, the elongations are 
found. The same set of ßs is multiplied by a small value (as explained later) and activated in the 
assembly as imposed displacements. Again, using geometrically nonlinear analysis, the 
elongations in the assembly are obtained. At this stage, Eqn 4.10 can be applied for each element 
of the assembly to obtain the r values. Then, the smallest r value in the assembly, say r5, is 
considered as the order of changes in length of the assembly for the set of ßs. Consequently, the 
order of that mechanism will be rs-1. The genetic algorithm will use different sets of ßs 
iteratively and for each set the order of the mechanism is obtained. The fitness value will be the 
order of the changes in member length. The following examples will show how the genetic 
algorithm can be used as a search tool for the finding the highest mechanism order. 
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4.4.1 Illustrative Examples 
In this section the genetic algorithm method is explained in terms of two examples. The 
examples show pin jointed assemblies each of which has two independent mechanisms. The 
highest order of mechanism in each assembly is found. 
4.4.1.1 Example 1 
Consider the assembly of Fig 4.15. This assembly has two mechanisms as indicated with dashed 
lines in Fig 4.15. The values of ß are within the range 1 and -1. In this example there are two ßs 
ßßi and ßi)" 
1. Initial population 
The genetic algorithm generates an initial population of ten members where each member has a 
pair of values of ßl and 02. The fitness value is the order of changes in bar length due to a 
mechanism obtained by a set of ßs. 
Table 4.8 shows the initial population and the randomly generated values of ßl and 02 of each 
member of the population. For each set of ßs nonlinear analysis is carried out twice and the order 
of changes in bar length is obtained using Eqn 4.10. The order corresponding to each set of ßs 
constitutes the fitness value for that set, as illustrated in the last column of Table 4.8. The aim of 
the genetic algorithm in this problem is to find a set of ßs that has the highest order of changes in 
bar length. Therefore, as the process of the genetic algorithm proceeds the order is maximised. 
2. Pairing 
It can be seen from Table 4.8 that all the obtained fitness values of the original population are 
equal to 2. This population goes under evolution cycles. Each cycle starts with the pairing 
process. In this process, two members of the population are chosen to act as parents, as explained 
in Section 3.5. Suppose that these. parents are members 2 and 5, as indicated in Table 4.8. 
3. Mating 
In this stage of an evolution cycle children are produced from the chosen parents, as explained in 
Section 3.6. Table 4.9 shows the parents and their children together with their fitness values. 
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Im Im Im 
Im 
Im 
A 
Im 
Im 
B 
Fig 4.15 Five bar assembly has two independent mechanisms 
A: mechanism 1 
B: mechanism 2 
4. Replacement 
-. ý X 
_ý. X 
This is the final stage in an evolution cycle where the two children replace the two members in 
the population that have the lowest orders. If all the members of the population have the same 
fitness value, then the new members replace any randomly chosen members of the population, 
say members 3 and 4. Table 4.10 shows the population with the two new children. 
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Table 4.8 Initial population generated randomly (for the example of Fig 4.15) 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of P2 
Order of 
changes in 
length 
1 -0.912063 0.958588 2 
2 0.819292 -0.660375 2 
3 -0.827320 -0.774582 2 
4 
-0.406692 
0.723959 2 
5 0.226758 0.646879 2 
6 0.029343 -0.837643 2 
7 -0.273371 -0.547766 2 
8 -0.305069 0.711372 2 
9 0.034479 -0.503180 2 
10 -0.941748 0.039381 2 
Table 4.9 Parents and their children 
Description value of ßL value of ß2 
Order of changes in 
length 
Parentl 0.819292 -0.660375 2 
Parent2 0.226758 0.646879 2 
Childl -0.425584 -0.790621 2 
Child2 0.981400 0.392882 3 
The process of the genetic algorithm is carried out through the evolution cycles in iterations. 
Table 4.11 shows the members of the population with their fitness values after one generation. It 
can be seen from the table that the highest order obtained is four and after six generations every 
member of the population has an order of four, see Table 4.12. 
5. Termination 
For this type of problem, the genetic algorithm process terminates if the termination criterion of 
Eqn 3.4 is satisfied, as explained in Section 4.8. That is, if 
<E abs 
f' --f'-' 
f; 
3.4 (reproduced) 
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is satisfied sequentially for a certain number of generations. Also, the process terminates if a 
defined maximum number of generations is reached. For the example of Fig 4.15, the 
termination criterion was satisfied when the best fitness value for thirty generations was found to 
be four. 
Table 4.10 Population with the two new members (for the example of Fig 4.15) 
Member number Values of P, Values of 02 
Order of 
changes in 
length 
1 -0.912063 0.958588 2 
2 0.819292 -0.660375 2 
3 0.981400 0.392882 3 
4 -0.425584 -0.790621 2 
5 0.226758 0.646879 2 
6 0.029343 -0.837643 2 
7 -0.273371 -0.547766 2 
8 -0.305069 0.711372 2 
9 0.034479 -0.503180 2 
10 -0.941748 0.039381 2 
Table 4.11 Population after one generation (for the example of Fig 4.15) 
Member number Values of P, Values of ß2 
Order of 
changes in 
length 
1 -0.953412 0.242622 3 
2 0.981400 0.392882 3 
3 0.761272 0.057233 4 
4 -0.923103 0.844068 2 
5 -0.425584 -0.790621 2 
6 0.029343 -0.837643 2 
7 
-0.273371 -0.547766 2 
8 -0.305069 0.711372 2 
9 0.034479 -0.503180 2 
10 
-0.941748 
0.039381 4 
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Repeating the process of the genetic algorithm for a larger size of population (100 members) and 
greater number of generations (100 generations) have led to a best fitness value equal to 4. In 
other words, for the assembly of Fig 4.15, the genetic algorithm found that the highest order of 
changes in lengths caused by a mechanism in the assembly is four. That is, the assembly of Fig 
4.15 is a third order mechanism. 
This result is understandable, since it can be noticed from Tables 4.11 and 4.12 that when values 
of ßI are much larger than the values of ß2, the results are governed by the first mechanism (Fig 
4.15A). This mechanism is known to be of the third order, see the assembly of Fig 4.12. 
Table 4.12 Population after six generations (for the example of Fig 4.15) 
Member number Values of ßl Values of ß2 
Order of 
changes in 
length 
1 -0.972916 0.041022 4 
2 0.764403 0.062852 4 
3 0.325926 0.018849 4 
4 0.761272 0.057233 4 
5 0.544662 0.002711 4 
6 0.568588 0.040357 4 
7 
-0.821135 
0.042059 4 
8 0.603733 0.032562 4 
9 -0.941731 0.041091 4 
10 
-0.941748 
0.039381 4 
4.4.1.2 Example 2 
Consider the assembly of Fig 4.16. This assembly is the same as that shown in Fig 4.11. The 
assembly, as has been shown before, has two independent mechanisms each of which is of the 
first order. That is, there are second order changes in bar length. The genetic algorithm is used 
for this example to find out if there is any combined mechanism of the two independent 
mechanisms that has an order higher. than one. The steps in using the genetic algorithm are 
described below. 
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Fig 4.16 Three bar assembly with two independent mechanisms 
1. Initial population 
N 
An initial population of ten members has been randomly generated as shown in Table 4.13. For 
each pair of ßs the order of changes in bar length due to the mechanism is evaluated using Eqn 
4.10 by means of a geometrical nonlinear analysis. 
2. Evolution cycle 
Each evolution cycle involves pairing, mating and replacement. After a number of iterations, the 
first generation is obtained as shown in Table 4.14. It can be noticed from Table 4.13 that for the 
initial population the order of changes in bar lengths is two. Also, this order remains the same for 
all the members after one generation as shown in Table 4.14. Carrying on with the process, the 
genetic algorithm shows the best (and that the only) fitness value for ten generations is equal to 
two, as shown in Table 4.15. 
Table 4.13 Initial population generated randomly (for the example of Fig 4.16) 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ßi 
Order of 
changes in 
length 
1 -0.927105 0.142959 2 
2 0.707971 0.867329 2 
3 -0.805951 0.385861 2 
4 
-0.826445 -0.054027 
2 
5 -0.033276 0.729633 2 
6 0.938350 0.844089 2 
7 0.611234 -0.995363 2 
8 0.941669 0.627601 2 
9 0.085363 0.700906 2 
10 0.133371 -0.431400 2 
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3. Termination 
The genetic algorithm process carries on until the termination criterion is satisfied or the 
maximum number of generations is reached. For the example of Fig 4.16, all the members 
through all generations have fitness values equal to two. That is, the order of mechanisms is 
always one. The genetic algorithm was run for a larger population and greater number of 
generations, yet the results show first order for all of the obtained mechanisms. The results agree 
with the findings of many authors (that the assembly of Fig 4.16 has first order mechanisms 
only). 
Table 4.14 Population after one generation (for the example of Fig 4.16) 
Member number Values of ßl Values of P2 
Order of changes in 
length 
1 
-0.885782 
0.689117 2 
2 0.966729 -0.954847 2 
3 
-0.805951 
0.385861 2 
4 -0.826445 -0.054027 2 
5 -0.033276 0.729633 2 
6 0.938350 0.844089 2 
7 0.611234 -0.995363 2 
8 0.941669 0.627601 2 
9 0.085363 0.700906 2 
10 0.133371 -0.431400 2 
Table 4.15 Best fitness values for the first ten generations 
Generation 1 2 3 4 5 6 7 8 9 10 
number 
Fitness 2 2 2 2 2 2 2 2 2 2 
value 
4.5 MORS Program 
A program has been developed to find the order of mechanisms in a pin jointed assembly. 
Furthermore, this program can recognise the highest order of mechanism in a pin jointed 
assembly. The program is called MORS, where this name stands for Mechanism Order 
Recognition System. It is developed to examine assemblies with one mechanism and those 
Sana S. El-lishani 94 
Chapter 4 Mechanism Order of Pin jointed Assemblies PhD Thesis 
which have more than one mechanism. In the MORS program only the mode which deals with 
two dimensional pin jointed assemblies has been implemented so far. MORS program involves 
two procedures. One procedure deals with assemblies with one mechanism and the other 
procedure deals with assemblies with more than one mechanism when the genetic algorithm 
process is used. The program starts with constructing the equilibrium matrix of an assembly. 
Then, using the concept of the four subspaces of the equilibrium matrix (see Section 5.2.3), the 
left null space of the equilibrium matrix is found. This allows the mechanism(s) of the assembly 
to be obtained. A flowchart of the MORS program is provided in Appendix B. The flowchart 
describes all the main stages of the program combined with some description. 
4.5.1 Assemblies with One Mechanism 
For a pin jointed assembly with one mechanism, it is rather easy to find the order of the 
mechanism of the assembly. The MORS program uses the mechanism obtained and imposes it as 
displacement on the assembly. First of all, it is important to know how the imposed displacement 
is applied. In order to activate the mechanism the program will chose a value of ßi. This value 
should be proportional to the dimensions of the assembly, say 20% of the smallest member 
length in the assembly. For instance, the mechanism of the assembly of Fig 4.17 is: 
xi y; 
m= [0 1] (see Section 5.2.3.3) 
The length of each member of the assembly is lm. Thus, the value of ßl is: 
20 ß' 
00x1=0.2m 
Therefore, the vector of the first imposed displacement is: 
meczma = [0.0 0.2] 
Y 
d =0.2m ---- iY i -_ X - Vy 
-0<$ 
Im lm 
Fig 4.17 Activated mechanism by an imposed displacement 
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Thus, the mechanism will be activated by imposing displacement (d; y = 0.2m) at joint i in the y 
direction as shown in Fig 4.17. This imposed displacement will represent the value of d1 in Eqn 
4.10. On the other hand, for the value of d2 in Eqn 4.10, ßl is increased by a small value say 
(0.1%) of the smallest member length in the assembly. That is, ßl becomes: 
20.1 
ß' 
100 x1=0.201m 
The vector of the second imposed displacement is: 
meczmb = [0.000 0.201 ] 
Again, the mechanism is activated by imposing displacement (d; y = 0.201 m) at joint i in the y 
direction. This imposed displacement will represent the value of d2 in Eqn 4.10. 
MORS program contains a geometrically nonlinear analysis subroutine that has been developed 
as a function to carry out the required nonlinear analysis. This subroutine analyses pin jointed 
assemblies subjected to imposed displacements. The geometrical nonlinear analysis subroutine 
goes through the following main steps [43]. 
1. Constructing the stiffness matrix. This system matrix is the gradient matrix of the 
equations of equilibrium which is the matrix that consist of both the elastic stiffness 
matrix (KE) and the geometrical stiffness matrix (KG). 
2. Solving a nonlinear system using Newton's method. That is, solving the equation: 
(KE + KG) 8 =AP 
where: 
4.21 
KE is the elastic stiffness matrix of the system. 
KG is the geometrical stiffness matrix of the system. 
S is the vector of the displacements of the system. This includes the unknown 
displacements and the known imposed displacements. 
OP is the vector of the unbalanced loads in the system. 
By solving Eqn 4.21 the unknown nodal displacements are found. 
3. Finding the updated member forces of the assembly. 
4. Finding the member elongations from the updated forces obtained from the previous step. 
For the first imposed displacement d1 the geometrically nonlinear analysis is carried out and the 
elongations (eis) of the assembly are obtained. Similarly, the nonlinear analysis is run for the 
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second imposed displacement d2 and the elongations (e2s) of the assembly are obtained. MORS 
program will then apply Eqn 4.10: 
r= 
log(e2 /e, ) 
4.10 (reproduced) 
log(d2/d, ) 
on each set of el and e2 that corresponds to a member in the assembly. Then, the smallest value 
of r, say rs, is the order of changes in length of the assembly. Subsequently, the order of the 
mechanism in the assembly will be rs-1. 
4.5.2 Assemblies with More than One Mechanism 
For the case of pin jointed assemblies with more than one mechanism, MORS program includes 
a genetic algorithm subroutine to search the scope of the problem and find the highest order of 
mechanism in the assembly and the corresponding set of ßs. Take the example of an assembly 
that has three independent mechanisms such as the assembly of Fig 4.18. 
The three independent mechanisms are represented by (see Section 5.2.3.3): 
Xi Yi Xi Yj Xk Yk X/ Yi 
mi [0 100000 0] 
4 m2=[0 001000 1] 
m3=[0 000010 0] 
To begin with, MORS program identifies the mechanisms of the assembly, and then uses the 
genetic algorithm procedure as explained in Section 4.4. The values of a set of ßs are chosen in 
the process of the genetic algorithm where they constitute a member of the population. Suppose 
that ß1, P2 and ß3 correspond to the mechanisms ml, m2 and m3, respectively. Also, assume the 
chosen values are: 
pi=0.4, ß2=0.2 and ß3=-0.6 
Therefore, the corresponding sets of imposed displacements for each mechanism are: 
impdm1= [0 0.4 00000 0] 
impdm2 = [0 000.2 000 0] 
impdm3 = [0 0000 -0.6 0 0] 
It can be noticed that for the second mechanism the value of Nis applied for only one degree of 
freedom of the mechanism (that is, yj). The reason is that for any independent mechanism that is 
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represented by a vector such as m2 above, activating one of the degrees of freedom (eg yj) by an 
imposed displacement will compel the other nonzero degrees of freedom (eg y, ) in that 
mechanism to be activated. For instance, in the assembly of Fig 4.19, imposing a vertical 
displacement at point 1 will force the displacement at point 2. Thus, the imposed displacements 
of the combined mechanism of the assembly of Fig 4.18 can be represented by: 
mec = [0.0 0.4 0.0 0.2 0.0 -0.6 0.0 0.0] 
The imposed displacements will be at the degrees of freedom y;, yj and yk. 
Im lm Im 
Y 
, gym 
! J n 
Im 7 
ö 
m «an 
4 k $ 
1 6 p 
. 
lm lm Im i 
DM 
- .x 
Fig 4.18 Pin jointed assembly with three independent mechanisms 
Just as the case of an assembly with one mechanism, the imposed displacements should be 
proportional to the dimensions of the assembly. In MORS program, the largest imposed 
displacement will be a proportion (say 20%) of the smallest member length of the assembly. 
X No 
L 
Fig 4.19 Imposing a vertical displacement at point 1 forces 
the same displacement at point 2 
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The values of the imposed displacements in the first stage should be as follows: 
Assume the following variable names: 
Impda is the chosen percentage for the imposed displacements in the first stage. 
Lmin is the smallest member length in the assembly. 
impdaa is the value of the percentage as a proportion of the smallest member length. 
maxmec is the largest absolute value in the mec vector. 
impdaratio is the ratio that transfers the values of the mec vector to the appropriate 
imposed displacements in the first stage. 
meczma is the vector of the imposed displacements in the first stage. 
The values of the above variables for the example of Fig 4.18 are: 
impda = 20 
impdaa = impda * Lmin/100 
=20* 1/100=0.2 
impdaratio = impdaa/ maxmec 
= 0.2/0.6 =1 /3 
meczma = impdaratio * mec 
Thus, the meczma vector will be: 
meczma = [0.000 0.133 0.000 0.067 0.000 -0.200 0.000 0.000] 
That is, the combined mechanism is activated by imposing the displacements (in meters) 
d; y = 0.133, day = 0.067 and dky = -0.200 
Now, for the imposed displacements in the second stage the proportion of the largest imposed 
displacement in vector mec with respect to the smallest member length of the assembly is 
increased to 20.1%. That is, the chosen percentage for the imposed displacements in the second 
stage is 20.1%. Subsequently, the values of the imposed displacements in the second stage 
should be as follows: 
Assume the following variable names: 
impdb is the chosen percentage for the imposed displacements in the second stage. 
impdbb is the value of the percentage as a proportion of the smallest member length. 
impdbratio is the ratio that transfers the values of the mec vector to the appropriate 
imposed displacements in the second stage. 
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meczmb is the vector of the imposed displacements in the second stage. 
The values of the above variables will be: 
impdb = 20.1 
impdbb = impdb * Lmin/100 
= 20.1 * 1/100 = 0.201 
impdbratio = impdbb/ maxmec 
= 0.201/0.6 
meczmb = impdbratio * mec 
Thus, the meczmb vector will be: 
meczmb = [0.000 0.140 0.000 0.070 0.000 -0.201 0.000 0.000] 
That is, the combined mechanism is activated by imposing the displacements (in metres) 
d; y = 0.140, djy = 0.070 and dky = -0.201 
At this stage of the program the imposed displacements are ready to be applied to the assembly. 
At first, the imposed displacements of the first stage are applied and the geometric nonlinear 
analysis (mentioned in the previous section) is run to find the elongations of the assembly. That 
is, the values of el are evaluated. Similarly, for the imposed displacements of the second stage 
the nonlinear analysis is carried out to obtain the elongations of the assembly. That is, e2, are 
evaluated. 
It should be mentioned that the value of dl can be any nonzero imposed displacement of vector 
meczma. Consequently, the value of d2 will be the corresponding imposed displacement of 
vector meczmb. The reason being, the ratio of dl and d2 is significant in Eqn 4.10 rather than 
their absolute values. 
Now, each set of el and e2 that correspond to an element in the assembly, are used in Eqn 4.10 to 
obtain an r value. Then, the smallest r value, that is rs, will represent the order of changes in 
length of the assembly. Consequently, the order of the combined mechanism will be rs-1. 
At this stage, MORS program has found the fitness value that corresponds to the chosen values 
of ßs. The same procedure is carried out for finding the fitness values of the rest of the members 
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of the population. After that, the genetic algorithm caries on to find the highest order of 
mechanism in the assembly and the corresponding set of ßs. The MORS program found that the 
assembly of Fig 4.18 is of a first mechanism order. To elaborate, it was found that this assembly 
contains second order changes of length. That is, the assembly contains only first order 
mechanisms. 
4.5.3 Finite Mechanisms 
In the case of a finite mechanism, the order of changes in length is required to be evaluated at 
least twice in order to detect whether a finite mechanism exists or not. That is, at least three 
vectors of imposed displacements and their corresponding elongations are required to detect a 
finite mechanism, as explained in the following example. 
Consider the assembly shown in Fig 4.20. This assembly consists of two coincident bars 
connected at joint i. However, joints j and k are coincident. This assembly is supported at nodes j 
and k. The assembly of Fig 4.20 has only one mechanism: 
Xi Yi 
mi=[0 1] 
Im 
p 
l. 
Fig 4.20 Assembly of a finite mechanism 
The smallest bar length in the assembly is the length of any of the two bars L,,,;,, =1.0m. 
For ß1= 20% of Lý,; ý, that is, d1 = 0.2m as the imposed displacement at joint i in the y direction, 
the nonlinear analysis found the elongation of each of the bars, which is: 
el =1.682664e-16m 
Also, for ßi = 20.1% of L, ni,,, that is, d2 = 0.201m as the imposed displacement d; y, the nonlinear 
analysis found the elongation of each of the bars, which is: 
e2 = 1.405612e-16m 
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Finally, for ßl = 20.2% of Lmjn, that is, d3 = 0.202m as the imposed displacement d; y, the 
elongation of each of the bars was found to be: 
e3 = 3.611515e-17m 
Before carrying on with the example of Fig 4.20, it is important to explain how a value of r is 
calculated in the MORS program. In fact, the value of r obtained from Eqn 4.10 is not an integer 
number. This value should be rounded. For instance, a result of r=2.04 is considered as r=2. 
Also, a result such as r=1.98 is considered as r=2. Usually, the value of r is close to an integer. 
However, in some cases the deviation from an integer value is large especially in assemblies 
which have mechanisms of different orders. For instance, in an assembly that has mechanisms of 
second, third and fourth order of changes in lengths, some mechanisms could have r value of 2.4 
or 3.7. In fact, this happens in mechanism combinations that are near to the zone of changing 
from one order to another. Generally, the value of r is rounded in a way that the fractional parts 
which are less than 0.5 are rounded to 0, that is, a value of r =2.4 is considered as r=2. Also, if 
the fractional parts are greater than or equal to 0.5 then they are rounded to 1, that is, a value of r 
= 3.7 is considered as r=4. 
In general, for a mechanism the values of rs that are evaluated more than once, considering at 
least three vectors of imposed displacements, should be the same. However, if the difference 
between two rs values is more than 0.9, then the mechanism could be considered as a finite 
mechanism. The value 0.9 is considered because the maximum difference between two r values, 
to be considered the same, is equal to 0.9. 
Now, going back to the example of the assembly of Fig 4.20, applying the first and the second 
imposed displacements with their e values to Eqn 4.10 give: 
_ 
log(e2 /e, ) 
rl log(d2/d, ) 
log(1.405612e -16 /1.682664e -16) _ _36.07 r, log(0.201 / 0.2) 
or applying the second and the third imposed displacements with their e values give: 
log(e3 /e2) 
r2 log(d3 /d2) 
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F2 _ 
log(3.611515e -17 /1.405612e -16) = -273.82 2 log(0.202 / 0.201) 
It can be noticed that the results show negative order values which will be explained later. Also, 
there is a large difference between the r values: 
abs (-273.80) - abs (- 36.07) = 273.80 - 36.07 = 237.73 
This implies that the mechanism is a finite mechanism. This matter will receive further attention 
later. 
Now, consider the assembly of Fig 4.21. This assembly is similar to that shown in Figs 4.10 and 
4.17 where there is only one mechanism, namely, 
xi Yi 
m1=[O 1] 
The length of each bar in the assembly of Fig 4.21 is lm as shown in the figure. The same steps 
that were applied for the assembly of Fig 4.20 have been applied again for the assembly of Fig 
4.21. Table 4.16 shows the values of imposed displacements d; y and the corresponding values of 
elongations, which are the same for both bars due to symmetry, as obtained from the MORS 
program. 
Y 
I 
Im 
I lm i 
J i k 
-ý. X 
Fig 4.21 Assembly of a first order mechanism 
Table 4.16 Imposed displacements and elongations of Fig 4.21 
d; y 0.2 0.201 0.202 
e 2.005020e-2 2.025169e-2 2.04519e-2 
Applying Eqn 10 gives: 
log(e2 /e, ) 
r' log(d2/d, ) 
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_ 
log(2.025169e -2/2.005020e - 2) _ rý log(0.201 / 0.2) - 
2.00 
or 
= 
loge3 /e2) 
r2 log(d3 /d2) 
T2 _ 
log(2.045419e -2/2.025169e - 2) _ 2.00 2 log(0.202 / 0.201) 
It can be noticed that both values of r are the same. Here, the assembly of Fig 4.21 has second 
order of changes in length, r=2. That is, the assembly is a first order mechanism (see Section 
4.3) 
4.6 MORS Applications 
The MORS program has been applied to different pin jointed assemblies in order to find their 
highest mechanism order. The results of different examples of these assemblies are presented in 
this section. This section shows how the MORS program can be used as a powerful and efficient 
tool to determine the order of mechanisms of pin jointed assemblies. 
As the first example, consider the assembly of Fig 4.22. This assembly consists of three 
overlapped bars, as shown in the figure. This assembly has two independent mechanisms, 
namely: 
xi y; xi yj x; y; xi yi 
m1= [0 10 0] and m2 = [0 00 
Y 
I 
Im 
I im 
112J 
-º X 13 
Fig 4.22 Assembly with finite mechanisms 
1] 
Using the MORS program, the assembly is found to contain finite mechanisms. The analysis 
showed that most of the combined mechanisms of the assembly are of the first order. However, a 
finite mechanism has been found for the values of 01 = -0.757477 and 02 = -0.961409 (ßi is 
related to mi and ß2 is related to m2). In this case, the MORS program was used and the finite 
mechanism was found after 21 of the genetic algorithm generations. Table 4.17 shows the 
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generations and the corresponding highest order of changes in length obtained for each 
generation. 
Table 4.17 Highest order of changes in length obtained in each generation (Fig 4.22) 
Generation 
number 
Fitness value 
Generation 
number 
Fitness value 
1 2 12 4 
2 3 13 6 
3 3 14 6 
4 3 15 6 
5 4 16 6 
6 4 17 6 
7 4 18 6 
8 4 19 6 
9 4 20 6 
10 4 21 6 
11 4 22 Finite mechanism! 
The results of such an example are interesting since they show higher mechanism orders for 
some very small ranges of ß2/ ßl values, that is, very small ranges of ß combinations. Also, 
within these ranges, the order of mechanisms increases to reach the infinity order, which is 
interpreted as a finite mechanism. One of these small ranges, in the current example, is ß2/ ßi 
within the range 1.263 and 1.274, as discussed below: 
Suppose that ßl is of a fixed value of 0.15 and ß2 is variable. For different values of ß2/ 01 within 
the range 1.263 and 1.274, the orders of mechanisms have been found. The results are presented 
in Table 4.18. This table shows that the order of mechanisms increases from one to infinity. 
Then, the order gradually decreases to go back to the first order. In fact, most of the combined 
mechanisms for this assembly are of first order. It can be noticed from Table 4.18 that some 
orders of changes in length are carrying a negative sign, order 0 or order one. In fact, these 
orders are reflecting the phases that the finite mechanisms went through as shown in Table 4.18. 
The first few values of rl and r2 related to finite mechanisms are positive. Then, these values 
decrease to become negative for the remaining finite mechanisms. Also, as the negative rl and r2 
values decrease, the difference between ri and r2 values for each mechanism decreases to become 
less than 0.9. Therefore, the results show negative orders such as -8 or -6. After that, the negative 
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values disappear to show orders of 0 and 1, and gradually increase to show an order of change in 
length equal to two. 
It is important to explain the source of the negative sign in some of the results. The negative sign 
comes from the fact that in the nonlinear analysis for mechanisms which have a negative sign, 
the increase of the imposed displacements leads to a decrease in the member elongation of the 
assembly which has the smallest r value. Thus, when Eqn 4.10 is applied this decrease in 
elongation produces the negative sign. For instance, the results of elongations for the bar that 
gave the smallest r value for the set of ßs, namely, 
ß1= 0.15 and ß2 = 0.19047 
are: 
el = 2.188335e-6 
e2 = 2.154593e-6 
e3 = 2.119544e-6 
Here, as the displacement increases from di to d2, the elongation decreases from el to e2. Thus: 
log(e2 /e, ) 
r' log(d2/d1) 
log(2.154593e -6/2.188335e - 6) _ _3.1156 log(0.201 / 0.2) 
and 
log(e3/e2) 
r2 log(d3/d2) 
log(2.119544e - 6/2.154593e - 6) = -3.3047 2 log(0.202 / 0.201) 
However, if the elongations of the bar which gave the smallest r value increase with the increase 
of the displacements, such as in the set of ßs, 
ßi=0.15 and ß2=0.30 
then 
e1= 9.536861e-4 
e2 = 9.632600e-4 
e3 = 9.728819e-4 
For this set of e, the application of Eqn 4.10 will not involve a negative sign. 
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log(9.632600e -4/9.536861e - 4) ri 002 '= log(0.201 / 0.2) = 
and 
T2 _ 
log(9.728819e - 4/9.632600e - 4) = 2.002 2 log(0.202 / 0.201) 
It should be mentioned that the negative r values can be considered as orders of values of r, 
neglecting the negative sign, since the important fact is the order of changes in lengths and not 
the increase or decrease of the elongation rate with respect to the imposed displacements. 
Fig 4.23 shows a plot of the results of Table 4.18. The values of rl have been indicated in the 
graph with dotted lines. Here, either rl or r2 values can be used to draw the curve of Fig 4.23 
since both ri and r2 are supposed to be the same. Also, the values of the order of changes in 
length are indicated with a solid line. It can be seen from the graph of Fig 4.23 that the curve of 
the values of rl has a branch that goes to + co and a branch that goes to - oo . It has 
been found 
that as 02 gets closer to the value 0.190390679, the order of changes in length increases 
dramatically. In fact, it can be seen that the curve has branches that tend to infinity. Also, it can 
be noticed from the graph that the curve of the obtained order of changes in length fit properly 
with the original curve which is the curve of the values of ri. In fact, in the current example, as 
the elongations used in Eqn 4.10 become smaller and approach zero, the order of changes in 
length become higher. Since no elongations can be obtained which equal to absolute zero, a 
finite mechanism, that is, a mechanism of infinity order cannot be obtained. Here, the criterion 
mentioned in the example of Fig 4.20 (see Section 4.5.3) can be taken as an indicator of the 
behaviour of a finite mechanism. To recall, if the difference between two rs values of Eqn 4.10 is 
greater than 0.9 the assembly can be considered to have a finite mechanism behaviour and the 
corresponding set of ßs will represent a combined finite mechanism. 
Therefore, the assembly of Fig 4.22 contains a finite mechanism. Also, Vassart [30] has found 
that this assembly is a finite mechanism. It is interesting to note that Salerno stated that the 
assembly of Fig 4.22 is at least a third order mechanism. 
Now consider the assembly of Fig 4.24. This assembly is similar to that presented in Fig 4.22, 
with the difference that the length of the third bar in the assembly of Fig 4.24 is longer than the 
length of the first two bars together. The assembly of Fig 4.24 has two independent mechanisms, 
namely: 
xi y; xi A xi y; xi yý 
mi = [0 10 0] and m2 = [0 00 1] 
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Table 4.18 Order of changes in length for ß2 values within the range 
of ß2/ ßl between 1.263 and 1.274, with ß1= 0.15 (Fig 4.22) 
P2 Value 
Order of changes 
in length 
Value of rl Value of r2 
0.18950 2 2.4518 2.4553 
0.18960 3 2.5088 2.5127 
0.18980 3 2.6806 2.6852 
0.18990 3 2.8189 2.8239 
0.19005 3 3.1782 3.1832 
0.19020 4 4.0997 4.0991 
0.19021 4 4.2153 4.2133 
0.19022 4 4.3443 4.3407 
0.19023 4 4.4892 4.4837 
0.19024 5 4.6533 4.6452 
0.19025 5 4.8405 4.8293 
0.19026 5 5.0561 5.0408 
0.19027 5 5.3072 5.2866 
0.19028 6 5.6033 5.5756 
0.19029 6 5.9575 5.9203 
0.19030 6 6.3891 6.3386 
0.19031 7 6.9263 6.8569 
0.19032 8 7.6134 7.5158 
0.19033 9 8.5232 8.3815 
0.19034 10 9.7851 9.5697 
0.19035 12 11.6524 11.3018 
0.19036 15 14.6989 14.0622 
0.19037 Finite mechanism 20.5573 19.1538 
0.19038 Finite mechanism 36.4759 31.6976 
0.19039 Finite mechanism 273.6249 114.2819 
0.19040 Finite mechanism -46.7075 -63.2083 
0.19041 Finite mechanism -19.9899 -22.9687 
0.19042 Finite mechanism -12.2023 -13.4483 
Continues 
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Table 4.18 continued 
ß2 Value 
Order of changes 
in length 
Value of ri Value of r2 
0.19043 -8 -8.4856 -9.1816 
0.19044 -6 -6.3089 -6.7597 
0.19045 -5 -4.8792 -5.1987 
0.19046 -4 -3.8683 -4.1088 
0.19047 -3 -3.1156 -3.3047 
0.19050 -2 -1.6917 -1.8004 
0.19051 -1 -1.3776 -1.4715 
0.19055 -1 -0.5180 -0.5767 
0.19060 0 0.0686 0.0298 
0.19070 1 0.6952 0.6733 
0.19080 1 1.0149 1.0000 
0.19090 1 1.2088 1.1976 
0.19100 1 1.3390 1.3301 
0.19110 1 1.4324 1.4250 
0.19120 2 1.5027 1.4964 
0.19150 2 1.6375 1.6331 
The MORS program found that the mechanisms of the assembly of Fig 4.24 are of the first order. 
Table 4.19 shows the highest mechanism order obtained for the first 10 generations. The MORS 
program continued the analysis until the convergence criterion was satisfied. It is interesting to 
note that studying the range of 02/ ßl within 1.263 and 1.274 (similar to that observed in the 
example of Fig 4.22) shows that all the mechanisms obtained within this range are of the second 
order of changes in length as it can be seen in Table 4.20. In fact, the results of the MORS 
program showed that all of the mechanisms of Fig 4.24 correspond to a fitness value equal to 
two. That is, the mechanisms have second order changes in length. Therefore, the assembly of 
Fig 4.24 is of a first order mechanism. This result agrees with the findings of Vassart [30]. 
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Fig 4.23 Plot for the results of Table 4.18 
1 
lm 
I lm i 
0.5m 
Fig 4.24 Assembly of first order mechanisms 
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Table 4.19 Best fitness values for the first ten generations for the assembly of Fig 4.24 
Generation 1 2 3 4 5 6 7 8 9 10 
number 
Fitness 2 2 2 2 2 2 2 2 2 2 
value 
Now, consider the assembly of Fig 4.25. This assembly consists of three bars. They are arranged 
as shown in the figure. The assembly of Fig 4.25 has two independent mechanisms, namely: 
xi y; Xi yi x; yi Xi 
m1= [0 10 0] and m2 = [0 00 1] 
Y 
1. Sm 0.5m 
k12 
Im 
Fig 4.25 Assembly with finite mechanisms 
The MORS program showed that the assembly of Fig 4.25 contains finite mechanisms. In this 
case, the program was run and a finite mechanism was found in the 280' generation. Table 4.21 
shows the corresponding fitness values, that is, the order of changes in length, for each 
generation. It can be seen from Table 4.21 that as the process of the genetic algorithm is carried 
out through the generations, the fitness values increase. This table shows that after every few 
generations, the process of the genetic algorithm finds a combined mechanism which gives a 
higher mechanism order. It can be seen that for the first five generations, third order of changes 
in length was obtained. Then, for the following seventeen generations, fifth order of changes in 
length was presenting the highest fitness value. After that, five generations up to the 27th 
generation the highest fitness value was equal to eight and the 28th generation showed that a 
finite mechanism exists. 
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Table 4.20 Order of changes in length for (32 values within the range 
of 02/ ßl between 1.264 and 1.274, with ßi= 0.15 (Fig 4.24) 
02 Value 
Order of changes 
in length 
Value of rl Value of r2 
0.18950 2 2.0102 2.0103 
0.18960 2 2.0102 2.0103 
0.18980 2 2.0102 2.0103 
0.18990 2 2.0102 2.0103 
0.19005 2 2.0102 2.0103 
0.19020 2 2.0102 2.0103 
0.19021 2 2.0102 2.0103 
0.19022 2 2.0102 2.0103 
0.19023 2 2.0102 2.0103 
0.19024 2 2.0102 2.0103 
0.19025 2 2.0102 2.0103 
0.19026 2 2.0102 2.0103 
0.19027 2 2.0102 2.0103 
0.19028 2 2.0102 2.0103 
0.19029 2 2.0102 2.0103 
0.19030 2 2.0102 2.0103 
0.19031 2 2.0102 2.0103 
0.19032 2 2.0102 2.0103 
0.19033 2 2.0102 2.0103 
0.19034 2 2.0102 2.0103 
0.19035 2 2.0102 2.0103 
0.19036 2 2.0102 2.0103 
0.19037 2 2.0102 2.0103 
0.19038 2 2.0102 2.0103 
0.19039 2 2.0102 2.0103 
0.19040 2 2.0102 2.0103 
0.19041 2 2.0102 2.0103 
0.19042 2 2.0102 2.0103 
Continues 
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Table 4.20 continued 
P2 Value 
Order of changes 
in length 
Value of rl Value of r2 
0.19043 2 2.0102 2.0103 
0.19044 2 2.0102 2.0103 
0.19045 2 2.0102 2.0103 
0.19046 2 2.0102 2.0103 
0.19047 2 2.0102 2.0103 
0.19050 2 2.0102 2.0103 
0.19051 2 2.0102 2.0103 
0.19055 2 2.0102 2.0103 
0.19060 2 2.0102 2.0103 
0.19070 2 2.0102 2.0103 
0.19080 2 2.0102 2.0103 
0.19090 2 2.0102 2.0103 
0.19100 2 2.0102 2.0103 
0.19110 2 2.0102 2.0103 
0.19120 2 2.0102 2.0103 
0.19150 2 2.0101 2.0102 
The results showed that most of the mechanisms are of the first order. However, there are ranges 
of ß2/ ß1 for which the mechanism orders are higher than one. It has been found that when ßi/ ßi 
is within the range 5.6 and 6, the order of changes in length ranges from 2 to - oo and then from 
+oo to 2 again, as shown in Table 4.22. In this table, 0l has been given a fixed value equal to 
0.15, and ß2 is variable. For each set of ßs the order of changes in length was obtained as shown 
in Table 4.22. It can be seen that the table contains orders of changes in length with negative 
sign, zero and unity values. This is similar to the case of the example of Fig 4.22. As it has been 
discussed before, these results reflect the existence of a finite mechanism. 
Table 4.22 shows that within the mentioned range of ß2/ ßl, the order has decreased from two to 
a finite mechanism on the negative direction. That is, the order decreased to 1,0, -1,..., 
-10..... -. Then, the order decreases from + oo ,..., 17, ..., 4,3 to order 2 again. 
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Table 4.21 Highest order of changes in length obtained in each generation (Fig 4.25) 
Generation 
number 
Fitness value 
Generation 
number 
Fitness value 
1 3 15 5 
2 3 16 5 
3 3 17 5 
4 3 18 5 
5 3 19 5 
6 5 20 5 
7 5 21 5 
8 5 22 5 
9 5 23 8 
10 5 24 8 
11 5 25 8 
12 5 26 8 
13 5 27 8 
14 5 28 Finite mechanism! 
Fig 4.26 shows a plot of the values obtained form Table 4.22. Similar to the case of the example 
of Fig 4.22, where the assembly contains finite mechanisms, the plot of Fig 4.26 for the current 
example shows branches of the graph that tend to infinity. However, it is interesting to note that 
in Fig 4.26, as the value of ß2 increases the order jumps from - co to + co , unlike the case of 
Fig 
4.23 of the example of Fig 4.22 where the jump is from + co to - oo . In Fig 4.26 the values of ri 
that are shown in Table 4.22 are plotted as the dotted curve and the rounded values of ri which 
are the orders of changes in length (as shown in Table 4.22) are presented as the solid curve. It is 
interesting to see that the rl values, give a very clear infinity curve. In addition, the solid curve of 
the order of changes in lengths is compatible with the dotted curve of ri values. Also, for the 
current example of Fig 4.25, the range of ß2/ ßl within 1/5.6 to 1/6 has been found to have the 
same behaviour. This is simply a consequence of the symmetry of the assembly of Fig 4.25. 
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Table 4.22 Order of changes in length for 02 values within the range 
of (32/ ßi between 5.6 and 6, with ß1= 0.15 (Fig 4.25) 
02 Value 
Order of changes 
in length 
Value of rl Value of r2 
0.8400 2 1.6784 1.6746 
0.8500 2 1.5085 1.5022 
0.8520 1 1.4511 1.4439 
0.8540 1 1.3788 1.3705 
0.8560 1 1.2850 1.2751 
0.8600 1 0.9780 0.9623 
0.8620 1 0.7005 0.6786 
0.8640 0 0.2185 0.1842 
0.8660 -1 -0.7982 -0.8675 
0.8670 -2 -1.9655 -2.0881 
0.8671 -2 -2.1374 -2.2691 
0.8672 -2 -2.3248 -2.4666 
0.8674 -3 -2.7548 -2.9216 
0.8676 -3 -3.2790 -3.4789 
0.8678 -4 -3.9321 -4.1774 
0.8679 -4 -4.3227 -4.5975 
0.8680 -5 -4.7680 -5.0784 
0.8682 -6 -5.8763 -6.2851 
0.8684 -7 -7.4160 -7.9848 
0.8685 -8 -8.4348 -9.1247 
0.8686 -10 -9.6998 -10.5572 
0.8688 Finite mechanism -13.4396 -14.9074 
0.8690 Finite mechanism -20.6812 -23.8552 
0.8692 Finite mechanism -40.7085 -52.9520 
0.8695 Finite mechanism 142.8292 84.6671 
0.8696 Finite mechanism 58.9424 46.7235 
0.8698 Finite mechanism 28.1794 25.3815 
0.8700 Finite mechanism 19.0119 17.8372 
0.8701 16 16.4785 15.6382 
Continues 
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Table 4.22 continued 
P2 Value 
Order of changes 
in length 
Value of rl Value of r2 
0.8702 15 14.6024 13.9758 
0.8703 13 13.1571 12.6750 
0.8704 12 12.0094 11.6293 
0.8705 11 11.0760 10.7703 
0.8706 10 10.3019 10.0522 
0.8708 9 9.0926 8.9193 
0.8712 7 7.4931 7.4010 
0.8715 7 6.6988 6.6377 
0.8720 6 5.7869 5.7544 
0.8725 5 5.1719 5.1541 
0.8730 5 4.7290 4.7197 
0.8740 4 4.1340 4.1329 
0.8760 4 3.4871 3.4912 
0.8780 3 3.1421 3.1472 
0.8800 3 2.9277 2.9328 
0.8840 3 2.6754 2.6799 
0.8890 3 2.5050 2.5089 
0.8896 2 2.4902 2.4940 
0.9000 2 2.3263 2.3291 
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Fig 4.26 Plot of the results of Table 4.22 
It can be concluded that the assembly of Fig 4.25 contains finite mechanisms and the result is in 
accordance with that obtained by Vassart [30]. 
Vassart also examined the assembly of Fig 4.27 which consists of three coincident bars as shown 
in the figure. Similar to the assembly of Fig 4.25, the assembly of Fig 4.27 has two independent 
mechanisms which can be presented as: 
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Xi jai Xi Yj Xi Yi Xi Yi 
mi = [0 10 0] and m2 = [0 00 1] 
Vassart found that this assembly is a first order mechanism [30]. The assembly of Fig 4.27 has 
been examined by the MORS program and it has been found that it is indeed of a first order 
mechanism. The results show that all the chosen sets of ßs have second order of changes in 
length. That is, they represent first order mechanisms. Table 4.23 shows the results of the first 10 
generations of a population size equals to 100. The genetic algorithm was carried out until the 
termination criterion was satisfied. Therefore, it can be concluded that the assembly of Fig 4.27 
is of a first order mechanism. 
Y 
1m 
'1 
0.5m 1m 
_I 
12 
31 
k1 1 
--ºX 
Fig 4.27 Assembly of first order infinitesimal mechanisms 
Table 4.23 Best fitness values for the first ten generations for the assembly of Fig 4.27 
Generation 1 2 3 4 5 6 7 8 9 10 
number 
Fitness 2 2 2 2 2 2 2 2 2 2 
value 
Now, the assembly of Fig 4.28 has been studied by many authors such as, Vasart [30] who found 
that this assembly is a third order mechanism and Salerno [29] who found that the assembly is at 
least a third order mechanism. This assembly has two independent mechanisms, namely: 
Xi Yi Xi Yj Xk Yk 
m1=[0 0100 0] 
and 
Xi Yi Xi yj Xk Yk 
m2 = [0 0001 0] 
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Fig 4.28 Assembly of third order infinitesimal mechanisms 
Table 4.24 Initial population generated randomly (for the example of Fig 4.28) 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
1 -0.813247 -0.245299 4 
2 -0.745802 -0.690552 4 
3 -0.108181 -0.195896 4 
4 
-0.421368 0.069874 
4 
5 0.370836 0.641883 4 
6 0.126573 -0.686530 4 
7 -0.504911 -0.040299 4 
8 0.701535 0.706013 4 
9 -0.033397 0.694119 4 
10 0.064258 -0.010528 4 
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Table 4.25 Best fitness values for the first ten generations (for the example of Fig 4.28) 
Generation 1 2 3 4 5 6 7 8 9 10 
number 
Fitness 4 4 4 4 4 4 4 4 4 4 
value 
The MORS program has found that this assembly is a third order mechanism. It has been found 
that all of the obtained mechanisms of the assembly using the genetic algorithm are of the third 
order. Table 4.24 shows an initial population of 10 members and their corresponding fitness 
values. The results showed that only fourth order changes in length can be obtained. Table 4.25 
shows the fitness values of the first ten generations. The genetic algorithm was carried out until 
the convergence criterion was satisfied where all the sets of ßs show fourth order changes in 
length, that ' is mechanisms of third order. The MORS program was run again for a larger 
population of 100 members, yet the results showed that all the obtained mechanisms are of the 
third order. 
Im 
Fig 4.29 Assembly involving first, second and third order mechanisms 
Now, consider the assembly of Fig 4.29. This assembly consists of eight bars connected as 
shown in the figure. This assembly has two independent mechanisms which can be presented as: 
and 
y 
Im Im Im Im 
m n 3 i 1 x 
2 
7 8 
4 5 
k p 6 1 
r- 
a 
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Xi Yi Xi Yj Xk Yk X! Y/ 
M, [0 100010 0] 
Xi Yi Xi yj Xk Yk X/ YJ 
m2=[0 001000 1] 
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In this assembly member 6 has a variable length `a'. Investigation regarding the order of 
mechanisms of this assembly has been done involving a variable length for member 6. It has 
been found by many authors that if the length `a' of member 6 is not equal to lm or 3m, the 
assembly will have mechanisms of order one. However, if the length of member 6 is equal to Im 
or 3m, the highest mechanism order for both cases is higher than one. 
Now, the MORS program has been used to investigate the order of mechanism of the assembly 
of Fig 4.29 with different lengths for member 6. To begin with, assume that the length of 
member 6 in the assembly of Fig 4.29 is a= 2m. The MORS program showed that the highest 
order of mechanism is one with all of the obtained mechanisms having second order changes in 
length. Table 4.26 shows an initial population of 50 members. It can be seen from the table that 
all of the fitness values of the members of the initial population are equal to two. The MORS 
program continued the analysis until the convergence criterion was satisfied at the 30`h 
generation. Table 4.27 shows the results of the genetic algorithm after 30 generations. It can be 
seen that still all the mechanisms are of the first order. 
Now, assume the length of member 6 is a= Im. The MORS program showed that for this 
assembly most of the mechanisms obtained are of the first order. That is, most of the 
mechanisms are accompanied with second order changes in length. However, the highest 
mechanism order obtained for this assembly is of the second order where the highest obtained 
fitness value is equal to three. Table 4.28 shows an initial population of 50 members where most 
of the members have a fitness value equal to two. Here, the initial sets of ßs involve mechanisms 
of the first order. The MORS program carried out the procedure until the process converged at 
the 34th generation. Table 4.29 shows the members of the population after the 34th generation. It 
can be seen from the table that the highest fitness value obtained is equal to three. Thus, the 
highest mechanism order obtained is two. Table 4.30 shows the highest fitness value obtained in 
each generation. From studying the order of mechanism in the assembly of Fig 4.29, with a =1m, 
it has been found that most of the mechanisms are of the first order. However, there is a region of 
ß2/ßl between 0.989 and 1.011 where the mechanisms are of the second order. 
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Table 4.26 Initial population generated randomly for the example of Fig 4.29, with a=2 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of (32 
Order of 
changes in 
length 
1 -0.811807 -0.042346 2 
2 0.285578 -0.298928 2 
3 -0.079009 0.092594 2 
4 0.234841 0.980982 2 
5 -0.638625 0.625376 2 
6 0.690955 0.886083 2 
7 0.392713 0.320970 2 
8 0.538476 0.170849 2 
9 -0.541910 0.110586 2 
10 0.612738 0.288443 2 
11 -0.132258 -0.863359 2 
12 -0.467646 0.275952 2 
13 -0.070951 -0.470614 2 
14 0.387763 -0.864633 
2 
15 0.120535 -0.170966 2 
16 0.574690 0.814062 2 
17 -0.055314 0.331697 2 
18 0.824997 -0.279798 2 
19 -0.572997 -0.353455 2 
20 -0.515027 -0.066324 2 
21 -0.702957 -0.595818 2 
22 0.091997 0.194408 2 
23 
-0.584351 0.804741 2 
24 -0.711569 0.667614 2 
25 0.583861 0.948660 2 
26 0.133429 0.538021 2 
Continues 
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Table 4.26 continued 
Member number 
Randomly generated 
values of ß1 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
27 0.524032 -0.590118 2 
28 -0.114308 0.832141 2 
29 -0.203008 0.043066 2 
30 
-0.181988 -0.670180 2 
31 0.288258 0.757527 2 
32 -0.243442 0.466103 2 
33 -0.203774 -0.836633 2 
34 0.710821 0.763190 2 
35 0.939155 0.370263 2 
36 -0.997199 0.082091 2 
37 -0.291030 0.654210 2 
38 -0.694171 -0.935693 2 
39 -0.196030 -0.680528 2 
40 0.371949 -0.661469 2 
41 0.694802 
-0.464178 
2 
42 0.554745 -0.403828 2 
43 0.870530 -0.998973 2 
44 0.254671 0.256915 2 
45 -0.035842 -0.392550 2 
46 0.404047 0.814751 2 
47 -0.487346 -0.820556 2 
48 0.917205 -0.527406 2 
49 
-0.105791 -0.035164 2 
50 -0.996872 -0.421074 2 
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Table 4.27 Population after 30 generations for the example of Fig 4.29, with a=2 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
1 0.354519 0.092281 2 
2 0.425410 0.551396 2 
3 0.315516 -0.949035 2 
4 
-0.472178 
0.932114 2 
5 -0.012822 0.804399 2 
6 -0.987911 0.174386 2 
7 -0.369383 0.498908 2 
8 -0.569243 -0.408747 2 
9 -0.226555 0.294976 2 
10 -0.888433 -0.945597 2 
11 -0.511769 -0.995328 2 
12 -0.005330 0.041350 2 
13 -0.619366 0.630309 2 
14 0.174644 0.008502 2 
15 0.317653 0.268425 2 
16 0.244737 -0.229261 2 
17 -0.909221 -0.452694 2 
18 -0.206895 0.016059 2 
19 -0.546557 0.953629 2 
20 0.279002 0.680042 2 
21 -0.666864 -0.782623 2 
22 0.423235 0.745480 2 
23 
-0.624446 0.269867 2 
24 -0.683095 0.162666 2 
25 0.515968 -0.538061 2 
26 -0.175619 0.549167 2 
Continues 
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Table 4.27 continued 
Member number 
Randomly generated 
values of X31 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
27 -0.572346 0.974891 2 
28 -0.107662 -0.908102 2 
29 0.433333 0.132878 2 
30 
-0.492716 
0.971157 2 
31 -0.587910 -0.917692 2 
32 -0.294480 -0.652028 2 
33 0.489751 0.208894 2 
34 -0.079007 0.769874 2 
35 0.986124 -0.967673 2 
36 0.990690 0.805121 2 
37 -0.370051 0.423926 2 
38 -0.886028 -0.698406 2 
39 -0.180636 0.144378 2 
40 
-0.723446 
0.350000 2 
41 -0.606597 -0.783502 
2 
42 0.988972 -0.093306 2 
43 -0.999600 0.016550 2 
44 -0.528369 0.293784 2 
45 0.316269 0.018275 2 
46 -0.655149 0.529486 2 
47 -0.452334 -0.641954 2 
48 -0.999242 0.412298 2 
49 
-0.576330 0.781584 2 
50 -0.151608 0.256729 2 
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Table 4.28 Initial population generated randomly for the example of Fig 4.29, with a=1 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
1 -0.890384 -0.681739 2 
2 0.008143 0.853748 2 
3 0.937927 -0.257636 2 
4 
-0.093105 -0.820776 2 
5 -0.774540 0.308701 2 
6 0.330097 -0.054293 2 
7 -0.499362 -0.783020 1 
8 -0.216340 -0.019092 2 
9 -0.881727 0.820796 2 
10 -0.880396 -0.807621 2 
11 0.308558 -0.061391 2 
12 0.206860 0.693545 2 
13 0.413468 -0.835541 2 
14 
-0.939740 -0.211014 
2 
15 -0.513008 -0.124534 2 
16 0.953552 0.345744 2 
17 0.916629 -0.212021 2 
18 0.562876 0.248571 2 
19 -0.264218 -0.714734 2 
20 -0.530378 -0.066578 2 
21 -0.973368 0.599309 2 
22 0.581573 0.501825 2 
23 0.169158 -0.961523 2 
24 -0.324138 0.208043 2 
25 0.575794 -0.621852 2 
26 0.525859 0.111101 2 
Continues 
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Table 4.28 continued 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
27 -0.731282 -0.654795 1 
28 0.865300 -0.900151 2 
29 -0.837534 -0.426051 2 
30 
-0.631328 -0.736028 0 
31 -0.428789 -0.652336 1 
32 0.185243 -0.624626 2 
33 -0.090579 -0.362550 0 
34 0.619968 -0.195074 2 
35 -0.613915 -0.070453 2 
36 -0.096430 -0.705075 2 
37 -0.192305 -0.072908 2 
38 0.641996 0.028224 2 
39 0.365233 0.476276 2 
40 0.768756 0.484882 2 
41 -0.590893 0.867451 2 
42 -0.756976 -0.495052 2 
43 -0.330673 0.385111 2 
44 0.560547 -0.879550 2 
45 -0.592947 0.342424 2 
46 -0.872533 -0.656434 2 
47 -0.680436 -0.088526 2 
48 0.136837 -0.182269 2 
49 0.603272 -0.801984 2 
50 -0.942285 -0.983014 2 
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Table 4.29 Population after 34 generations for the example of Fig 4.29, with a =1 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
1 0.461269 0.463328 3 
2 0.917113 0.270465 2 
3 0.098476 0.697627 2 
4 0.903675 0.906724 3 
5 0.539272 0.535818 3 
6 -0.636356 -0.643619 3 
7 -0.007565 0.747880 2 
8 -0.721838 -0.195513 2 
9 -0.225102 -0.232179 3 
10 0.580895 0.814852 2 
11 0.541276 0.542787 3 
12 -0.696680 -0.695891 3 
13 -0.983734 -0.988978 3 
14 0.868515 0.873302 3 
15 0.541317 0.535386 3 
16 -0.363480 0.662667 2 
17 -0.932748 0.848130 2 
18 0.562006 0.556581 3 
19 0.703196 0.710807 3 
20 0.986448 0.989356 3 
21 0.391751 -0.803424 2 
22 -0.596352 -0.590864 3 
23 
-0.475227 -0.480905 3 
24 -0.387635 -0.385429 3 
25 -0.472736 -0.202719 2 
26 0.861394 0.868165 3 
Continues 
Sana S. El-lishani 
128 
Chapter 4 Mechanism Order of Pin jointed Assemblies PhD Thesis 
Table 4.29 continued 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of (32 
Order of 
changes in 
length 
27 -0.090447 0.930969 2 
28 0.844295 0.851999 3 
29 -0.017497 -0.676075 2 
30 0.803344 -0.303044 
2 
31 0.843807 0.845790 3 
32 -0.387963 -0.396025 3 
33 -0.162011 -0.168185 3 
34 0.766693 0.849174 1 
35 0.932338 -0.213940 2 
36 0.392446 0.017989 2 
37 0.682928 0.851004 2 
38 0.791622 0.785874 3 
39 0.287226 -0.189640 2 
40 
-0.379145 -0.383475 
3 
41 0.823522 0.820597 3 
42 0.861328 0.858407 3 
43 0.872553 0.823588 2 
44 -0.388581 -0.384948 3 
45 -0.636386 0.124981 2 
46 -0.505407 -0.500133 3 
47 0.856049 0.848361 3 
48 0.725824 
-0.956873 
2 
49 0.779567 0.783979 3 
50 0.052074 -0.338126 2 
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Table 4.30 Best fitness values for each generation for the example of Fig 4.29, with a =1 
Generation 1 2 3 4 5 6 7 8 9 10 
number 
Fitness 2 2 2 2 3 3 3 3 3 3 
value 
Generation 11 12 13 14 15 16 17 18 19 20 
number 
Fitness 3 3 3 3 3 3 3 3 3 3 
value 
Generation 21 22 23 24 25 26 27 28 29 30 
number 
Fitness 3 3 3 3 3 3 3 3 3 3 
value 
Generation 31 32 33 34 
number 
Fitness 3 3 3 3 
value 
Now, assume the length of member 6 is a= 3m. Using the MORS program for this assembly it 
has been found that most of the mechanisms of the assembly are of the first order. However, 
there are some regions of ß2/ßlwhere the obtained mechanisms have a higher order. Table 4.31 
shows an initial population of 50 members. It can be seen from this table that the fitness values 
of the sets of ß are all equal to two. That is, they represent mechanisms of the first order. The 
MORS program carried on the analysis and after 41 generations, when the genetic algorithm 
converged, third and fourth order changes in length were obtained. Table 4.32 shows the 
members of population after 41 generations and their corresponding fitness values. Therefore, 
the assembly contains second and third order mechanisms. Here, the highest order of mechanism 
obtained is three. 
The MORS program showed that for the assembly of Fig 4.29, with a= 3m, most of the 
mechanisms are of the first order. However, there is a region of ß2/01 between 3.003 and 3.021 
where the order of mechanisms is 2. Also, a region of ß2/ßl between 2.992 and 3.002 has been 
found to have third order mechanisms. 
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Table 4.31 Initial population generated randomly for the example of Fig 4.29, with a=3 
Member number 
Randomly generated 
values of (31 
Randomly generated 
values of (32 
Order of 
changes in 
length 
1 0.621704 0.547758 2 
2 -0.723169 0.339914 2 
3 -0.159787 0.461867 2 
4 0.601748 -0.421698 2 
5 -0.368520 -0.663733 
2 
6 -0.125050 0.861816 2 
7 0.172520 -0.457892 2 
8 -0.135357 -0.271060 2 
9 -0.244359 -0.622588 2 
10 0.575966 -0.155008 2 
11 -0.377308 0.940067 2 
12 0.711425 -0.248251 2 
13 0.718017 -0.509026 2 
14 
-0.958397 0.906853 
2 
15 0.614138 -0.354411 2 
16 0.379926 -0.588485 2 
17 -0.664163 -0.582028 2 
18 -0.145666 0.169003 2 
19 -0.635626 -0.971726 2 
20 -0.150632 0.166497 2 
21 0.607587 0.651539 2 
22 0.848330 -0.202671 2 
23 
-0.470758 -0.317141 2 
24 -0.799902 0.705090 2 
25 0.983319 0.638823 2 
26 0.360174 0.623889 2 
Continues 
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Table 4.31 continued 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
27 -0.492496 0.376916 2 
28 -0.230687 0.837589 2 
29 -0.373401 0.967609 2 
30 
-0.383074 -0.327163 
2 
31 -0.629031 -0.122397 2 
32 -0.228823 -0.121838 2 
33 -0.214975 0.912577 2 
34 -0.498401 0.912022 2 
35 -0.156187 -0.418466 2 
36 -0.130900 0.112825 2 
37 0.961860 0.865083 2 
38 -0.797394 0.193612 2 
39 0.824253 0.476859 2 
40 
-0.047112 0.997731 2 
41 0.649084 -0.293158 2 
42 0.062572 -0.936431 2 
43 -0.205399 -0.136997 
2 
44 -0.218011 0.428112 2 
45 0.112452 -0.635398 2 
46 -0.254744 0.511403 2 
47 0.785438 -0.572186 2 
48 -0.927208 0.408494 2 
49 
-0.433562 -0.872965 
2 
50 0.153351 -0.090716 2 
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Table 4.32 Population after 41 generations for the example of Fig 4.29, with a=3 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of ß2 
Order of 
changes in 
length 
1 0.494239 -0.731212 2 
2 0.376294 0.350353 2 
3 0.228751 0.210257 2 
4 
-0.050709 0.724457 
2 
5 0.707609 -0.957575 2 
6 0.595809 -0.377853 2 
7 0.999653 0.233270 2 
8 -0.935005 0.519386 2 
9 -0.961694 0.230349 2 
10 -0.157670 -0.738782 2 
11 -0.686782 0.721304 2 
12 -0.147734 0.706594 2 
13 -0.389787 0.093733 2 
14 0.878664 -0.634277 
2 
15 -0.314992 -0.719219 2 
16 0.917954 0.456076 2 
17 0.858625 0.198992 2 
18 -0.828269 0.479487 2 
19 -0.208010 0.737398 2 
20 -0.531781 -0.641941 2 
21 -0.388658 -0.501306 2 
22 -0.324532 -0.976146 3 
23 
-0.897773 0.980012 2 
24 -0.981316 0.101429 2 
25 0.961158 0.905753 2 
26 -0.129078 -0.906321 2 
27 0.840775 -0.013090 2 
28 -0.593844 -0.111642 2 
Continues 
Sana S. E1-lishani 
133 
Chapter 4 Mechanism Order of Pin jointed Assemblies PhD Thesis 
Table 4.32 continued 
Member number 
Randomly generated 
values of ßl 
Randomly generated 
values of P2 
Order of 
changes in 
length 
29 0.877521 0.030976 2 
30 
-0.839536 0.655252 
2 
31 -0.188972 -0.160633 2 
32 -0.076182 -0.229340 3 
33 0.095656 -0.116497 2 
34 -0.156100 -0.410685 2 
35 0.305563 -0.094972 2 
36 -0.023014 -0.762115 2 
37 0.801261 
-0.800888 2 
38 -0.152970 -0.250404 2 
39 -0.664673 -0.016494 2 
40 
-0.369811 -0.509213 
2 
41 0.960894 0.496644 2 
42 -0.278723 -0.110604 2 
43 -0.329053 -0.408837 
2 
44 0.878236 -0.110377 2 
45 -0.642000 -0.728422 2 
46 -0.219458 -0.658640 4 
47 -0.837312 0.904391 2 
48 0.872435 
-0.801019 
2 
49 0.937492 -0.886278 
2 
50 -0.057693 -0.817261 2 
It should be mentioned that for each of the different lengths of member 6, the MORS program 
has been run for a number of times with a larger number of generations and greater populations. 
Yet the results obtained each time showed the same highest mechanism orders as mentioned 
above. For the assembly of Fig 4.29, other lengths of member 6 have also been used and the 
results of the highest order of mechanism obtained for each length of member 6 are summarised 
in Table 4.33. 
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It is interesting to find that these results agree with the findings of Vassart [30] and Salerno [29]. 
For instance, for the assembly of Fig 4.29 with a=1, most of the authors came to the conclusion 
that the assembly is of the second order, that is, the highest mechanism order is two. Also, 
Vassart found that when a=1 most of the mechanisms are of the first order but the highest 
mechanism order obtained is of the second order. The MORS program showed that most of the 
mechanisms are of the first order apart from the range 
ß2/ßl within the range0.989 and 1.011 
which relates to second order mechanisms. 
Similarly, for the assembly of Fig 4.29 with a=3, Vassart found that most of the mechanisms of 
the assembly are of the first order but the assembly contains mechanisms of the second and third 
order [30]. The MORS Program show that most of the mechanisms are of the first order apart 
from ranges like 
ß2/ß1 within the range of 2.992 and 3.002 
and 
ß2/ßi within the range of 3.003 and 3.021 
which relate to third and second order mechanisms, respectively. 
Table 4.33 Different lengths of member 6 of Fig 4.29 and 
the corresponding highest mechanism order 
Length of member 6 (m) Highest mechanism order 
0.5 1 
1 2 
1.5 1 
2 1 
2.5 1 
3 3 
3.5 1 
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CHAPTER 5 
Stability of Pin jointed Assemblies 
5.1 Introduction 
In this chapter the stability of pin jointed assemblies has been studied in depth. The chapter starts 
with an introduction to the properties of the equilibrium matrix of a pin jointed assembly and its 
four subspaces. On the basis of linear algebra the use of matrix algebra in finding the mechanical 
properties of pin jointed assemblies has been illustrated. Also, the derivation of a quadratic form 
that assures the stability of a pin jointed structure based on linear algebra [19] has been 
explained in detail. This chapter is mainly devoted to discuss a new method of searching for the 
stability of pin jointed assemblies. The method has been developed by the author using the 
genetic algorithm as a search technique based on the use of the quadratic form. Also, a computer 
program called SPJS has been developed. This program finds out whether a 2D or 3D pin jointed 
structure, which is statically and kinematically indeterminate, can be stabilised or not, and if it 
can, then the program provides a solution for the stability. 
5.2 Vector Spaces and the Mechanics of Structures 
The kinematical and statical properties of any pin jointed assembly of bars are reflected in its 
equilibrium matrix. Using matrix algebra and the four linear subspaces of the equilibrium matrix, 
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the kinematical and statical indeterminacies of the assembly can be found. The formula of the 
well-known Maxwell's rule for determining the statical and kinematical indeterminacies of an 
assembly, see Section 4.2, does not always work. It is known that there are some assemblies that 
satisfy Maxwell's rule but are still kinematically indeterminate such as the assembly shown in 
Fig 5.1. In fact, Maxwell's rule is a necessary condition for statical determinacy but it is not a 
sufficient condition. 
Fig 5.1 Kinematically indeterminate assembly satisfying Maxwell's rule 
In the case of the assembly of Fig 5.1, the number of bars is 7, that is, b=7; the number of joints 
is 5, that is j=5; and the number of external constraints is 3, that is, k=3. Therefore 
b=2j-k 5.1 
An improved version of the Maxwell's rule is as follows [44]: 
s-m=b- 3j +k (for a 3-dimensional assembly) 5.2 
where s is the number of states of self-stress in the assembly (in other words, the number of 
redundancies in the assembly), and m is the number of mechanisms in the assembly. Also, the 
terms b, j and k are, as usual, the number of bars, number of joints and the number of support 
constraints in the assembly. Eqn 5.2 is derived from the consideration of the rank of the 
equilibrium matrix in finding the number of states of self-stress and the number of mechanisms 
in the assembly as follows. 
The number of states of self-stress (redundancies) is: 
s=b-rA 
and the number of mechanisms is: 
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m= 3j -k- rA (for a 3-dimensional assembly) 5.3 
where rA is the rank of the equilibrium matrix. Therefore, by knowing the rank rA, one can easily 
find the values of s and m. 
Im 
ob. 
Fig 5.2 Pin jointed assembly in a plane 
For the plane pin jointed assembly of Fig 5.2, in order to obtain the equilibrium matrix, one 
could start with the nodal equations of equilibrium. 
5.2.1 Equilibrium Matrix 
The equilibrium of the forces at joint i of the structure of Fig 5.2, illustrated in Fig 5.3, can be 
written as 
1F1 + Tbx + Twx =0 
(condition of equilibrium along x) 
F; 
Y - 
Tay - Tey =0 
(condition of equilibrium along y) 5.4 
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y 
F; y 
F1X- 
_cL 
Tb ° Tbx b 
------so. - ---- -0 Tax 
Tfl Tay 
ey 
a 
mb '1 -"_ x 
Fig 5.3 External and internal forces acting on joint i 
Eqn 5.4 may alternatively be written as: 
F; 
x+Tb+Te(X'-x1)=0 Lb Le 
F. Ta 
(Yi -Ym) 
_T 
(Yi -YI) 
=0 "y La Le 
or 
FIx+Lb (xi -xj)+Le (x; -xi)=0 Lb e 
Fey - L' (Yi -Ym)- 
Le 
(Yi -Yi) =0 
ae 
or 
JFix +tb(Xi -Xj)+ to (Xi -XI)= 
Fiy - ta(yi ym) - te(yi Y) -0 
5.5 
Items such as Ta/La, Tb/Lb and TA, are referred to as `tension coefficients'. It turns out that in 
dealing with the equations of equilibrium it is simpler to work with the tension coefficient rather 
than the actual internal forces [45]. The tension coefficients in Eqns 5.5 are denoted by ta, tb and 
te. For the whole system of Fig 5.2, the equations of nodal equilibrium can be written in general 
terms in matrix form as follows: 
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a b c d e f 
X1 (xi-x. ) (xi -xj) 0 0 (xi -x1) 0 to Fi. 
Yi (Yi -Ym) (Yi -Yj) 0 0 (Yi -YI) 0 tb Fiy 
xj 0 (xj -xi) (xj -xk) 0 0 0 tc = 
FjX 
5.6 
Yj 0 (Yj -Yi) (Yj -Yk) 0 0 0 td Fjy 
xk 0 0 (Xk -Xj) (xk -xl) 0 (xk -Xm) to 
Fkx 
Yk 0 0 (Yk Yj) (Yk Y1) 0 (Yk Ym) tf Fky 
or At=F 5.7 
A is referred to as the equilibrium matrix of the structure and is of order 2j -k (number of nodal 
degrees of freedom) by b (number of bars). This matrix relates the tension coefficients of bars 
with the components of the external loads at the joints, as may be seen from Eqn 5.6. Every row 
of the equilibrium matrix relates to a nodal degree of freedom and every column of the 
equilibrium matrix relates to a bar of the assembly as indicated in Eqn 5.6. 
Using the actual coordinates of the nodes from Fig 5.2, Eqn 5.6 becomes: 
a b c d e f 
x; 0 -0.5 0 0 -1 0 t, F; X 
'j 1 0 0 0 1 0 tb F1 
xi 0 0.5 -0.5 0 0 0 tc Fjx - - 5.8 yj 0 0 0 0 0 0 td Fjy 
Xk 0 0 0.5 0 0 1 te F, 
Yk 0 0 0 1 0 1 tf FkY 
The general rule for the construction of the equilibrium matrix is as illustrated in Fig 5.4. For a 
typical bar b; g (connecting joint i to joint j) the projections x; - xj and y; - yj occupy the elements 
AX; b and Ay; b of matrix A, respectively. The subscripts xi and yi refer to the rows of A 
corresponding to the x and y components of degrees of freedom at joint i and the subscript b 
refers to the column of A corresponding to the typical bar b. Similarly, the bar projections xj - xi 
and yj - y; occupy the elements Axib and AyJb of matrix A. 
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b 
xi 
yi 
xi 
yA 
Fig 5.4 General rule for constructing the equilibrium matrix 
5.2.2 Compatibility Matrix 
Fig 5.5 shows a general element b connecting joints i and j. In this figure, d1 and d; y denote the 
nodal displacement components of joint i and dj,, and djy denote the nodal displacement 
components of joint j. 
day 
. 
. . . 
-e 
LA 
djx 
X 
Fig 5.5 General element with nodal displacement components 
The compatibility of the displacements of joints i and j with the elongation of the connecting bar 
b can be ensured by writing: 
Eb -d; x cosO-dry sinO+djx cosO+dj, sin0 =0 5.9 
This equation states that the elongation of the element must be equal to the sum of the 
projections of nodal displacements on that element. In other words, the elongation of the element 
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is equal to the sum of the displacement components each multiplied by the cosine of the angle 
between the displacement component and the element. 
Eqn 5.9 can be also written as: 
Eb-dix 
(x. 
Lb 
x. )-dit (Yi 
Lb 
Yj)+d! 
X 
(xj 
Lb 
xi)+d; 
r 
(Y; 
Lb 
Yi)=0 
or multiplying by Lb 
EbLb -d;, (x1-x) -d; y(Y1-Y; 
)+d; 
X(x -x1)+d; y 
(Y; -Y1) =0 
or 
eb- d; x(x- xj)-dry(Y1-Yj)+d, X(x, -xi)+djy(y -Y1)=0 
5.10 
where Eb denotes the elongation of the element 
Lb denotes the length of the element 
eb denotes the `elongation coefficient' of the element. 
Similar to the case of the equilibrium equations, in order to simplify the formula, it would be 
convenient to use the elongation coefficient eb of the bar rather than the actual elongation. The 
elongation coefficient for a bar is equal to the elongation of the bar multiplied by the length of 
the bar. 
Writing equations similar to Eqn 5.10 for all the bars of the assembly of Fig 5.2 would give rise 
to the following matrix equation: 
d1 diy djx djy dkx dky 
a (X, -Xm) 
(Yi Ym) 0 0 0 0 dix ea 
b (x; -xj) (yi -yj) (xj -xi) (yj -yi) 0 o. d1y eb 
c 0 0 (Xj -Xk) (Yj -Yk) 
(xk -xj) (Yk -Yj) djx e. 5.11 
d 0 0 0 0 (xk -x, ) (yk -YI) djy ed 
e (x; -x, ) (yi -y, ) 0 0 0 0 dkX e. 
f 0 0 0 0 (Xk -Xm) (Yk -Ym) dky of 
or Bd=e 5.12 
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Matrix B is referred to as the compatibility matrix, which is of order b (number of bars) by 2j -k 
(number of nodal degrees of freedom in the system). This matrix relates the nodal displacements 
of the assembly to the elongation coefficients of the bars of the assembly. Each row of B 
corresponds to a bar of the system and each column of B corresponds to a nodal degree of 
freedom of the system, as indicated in Eqn 5.11. 
Using the actual nodal coordinates of the assembly of Fig 5.2, Eqn 5.11 becomes: 
d1 d1y djX djy dkX dky 
a 0 1 0 0 0 
b -0.5 0 0.5 0 0 
c 0 0 -0.5 0 0.5 
d 0 0 0 0 0 
e -1 1 0 0 0 
f 0 0 0 0 1 
0 d; x ea 
0 d; y eb 
0 djx 
_ 
ec 
1 d jy ed 
0 d, x e. 
1 d1 of 
5.13 
It is important to note that the transpose of the equilibrium matrix A is the compatibility matrix 
B. This may seem to be true by comparing Eqns 5.8 and 5.13 in the case of the assembly of Fig 
5.2. This is a general rule to all pin jointed bar assemblies. 
AT =B5.14 
5.2.3 Four Subspaces of the Equilibrium Matrix 
For the equilibrium matrix of the assembly of Fig 5.2, shown in Eqn 5.8, each column or row of 
the matrix can be considered as a vector. Also, the rank of the matrix shows the number of 
independent column (or row) vectors of the matrix, where a set of vectors {u, v, ..., z} is said to 
be linearly independent if 
au +ßv+... +, %z=0 only when a=ß= 5.15 
Actually, as it will be discussed later, the rank rA of the equilibrium matrix is 5 and this implies 
that there are 5 independent column (or row) vectors. 
The vectors of the equilibrium matrix belong to two vector spaces, the bar space Rb and the joint 
space R2J'k. A vector space is a set of n-vectors which is closed under the operations of addition 
and scalar multiplication. For instance, the set of all ordered triples of real numbers constitute a 
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vector space. This vector space is denoted by R3. To prove this, consider two ordered triples of 
real numbers X, Y as follows: 
X= (Xi, X2, X3) and Y= (Yi, Y2, Y3) 
then the sum of X and Y, that is, 
X+Y= (Xt+Yl, X2+Y2, X3+Y3) 
is another ordered triple of real numbers. Also, the scalar multiplication of any real number a 
with X and Y, that is, 
aX = (axl, axe, ax3) 
and aY = (ayl) aye, ay3) 
are also ordered triples of real numbers. Each one of the above mentioned vector spaces Rb and 
R2'"k has two subspaces. A subspace of a vector space is a subset of that vector space which is 
itself closed under the operations of addition and scalar multiplication of vectors. The four 
subspaces associated with the equilibrium matrix [17] will be discussed in detail later. 
5.2.3.1 Gaussian Elimination 
In order to describe the subspaces of the equilibrium matrix A of Eqn 5.8, a number of 
transformations are performed as discussed in the sequel. To begin with let the equilibrium 
matrix A be augmented by an identity matrix I. 
0 -0.5 0 0 -1 0 1 0 0 0 0 0 
1 0 0 0 1 0 0 1 0 0 0 0 
0 0.5 -0.5 0 0 0 0 0 1 0 0 0 AI1- 
0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0.5 0 0 1 0 0 0 0 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 
By applying the Gaussian elimination processing [46] on the augmented matrix, one can obtain 
the rank and some other properties of the equilibrium matrix A of the assembly of Fig 5.2. 
Actually, it is only the initial part of the Gaussian elimination, that is, the forward elimination 
process that needs to be performed. The aim is to find a transformed matrix A'I I' with zero 
elements in the lower triangular part of matrix A. The steps of elimination are as follows: 
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" Regarding the first column, one aims to obtain a nonzero value for element (1,1) and 
zeros for all the rest of the elements of the first column. This may be done by swapping 
the first row with the second row. 
1 0 0 0 1 0 0 1 0 0 0 0 
0 -0.5 0 0 -1 0 1 0 0 0 0 0 
0 0.5 -0.5 0 0 0 0 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0.5 0 0 1 0 0 0 0 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 
" For the second column, one aims to obtain a nonzero value at element (2,2) and zeros for 
all of the elements below element (2,2) without involving the first column and the first 
row. This may be done by adding the second row to the third row. 
1 0 0 0 1 0 0 1 0 0 0 0 
0 -0.5 0 0 -1 0 1 0 0 0 0 0 
0 0 -0.5 0 -1 0 1 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0.5 0 0 1 0 0 0 0 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 
" For the third column, the aim is to obtain a nonzero value at element (3,3) and zeros for 
all of the elements below element (3,3) without involving the first two columns and the 
first two rows. This may be done by adding the third row to the fifth row. 
1 0 0 0 1 0 0 1 0 0 0 0 
0 -0.5 0 0 -1 0 1 0 0 0 0 0 
0 0 -0.5 0 -1 0 1 0 1 0 0 0 
0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 -1 1 1 0 1 0 1 0 
0 0 0 1 0 1 0 0 0 0 0 1 
" For the fourth column, the aim is to get a nonzero value at element (4,4) and zeros for all 
the elements of the column below element (4,4) without involving the columns and rows 
above element (4,4). This may be done by swapping the last row (the sixth row) with the 
fourth row. 
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10 0 0 1 0 0 1 0 0 0 0 
0 1-0.50 0 0 -1 0 1 0 0 0 0 0 
00 1-0.5 0 -1 0 1 0 1 0 0 0 A, (I$- 5.16 
00 0 i1 0 1 0 0 0 0 0 1 
00 0 0 1-1 1 1 0 1 0 1 0 
00 0 0 0 0 0 0 0 1 0 0 
" For the fifth column, the aim is to obtain a nonzero value at element (5,5) and zero value 
for the element below element (5,5). However, this is already achieved through the last 
transformation. This completes the required forward elimination process. The final 
transformed version of the augmented matrix is denoted by A'I I', as shown in Eqn 5.16. 
Now, the columns that are marked with asterisks in Eqn 5.16 are the columns where pivots have 
been found. These columns correspond to a set of independent vectors of matrix A. These 
columns can be found simply by drawing the dotted line as shown in the matrix A'I I'. The 
dotted line drawn in matrix A' is the line which separates the bottom zeros from the rest of the 
matrix. The pattern of the dotted line in matrix A' is like steps where at each step one will find a 
pivotal column. Also, the number of these columns gives the rank rA of matrix A. The columns 
1,2,3,4 and 5 in matrix A' constitute a basis of a subspace of the joint space as it will be shown 
later. 
5.2.3.2 Column Space of A 
In order to clarify the meaning of a basis of a (vector) space, it is first necessary to explain the 
term `spanning' of a vector space. If N is a set of vectors of a vector space, that is, 
N={u, v, w,..., z} 
Then N is said to span the vector space provided that every vector of the vector space can be 
expressed as a linear combination of the vectors of N. That is, every vector of the vector space 
maybe written as 
au + ßv + yw + ... + Xz where a, ß, y, ..., A, are real numbers 
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The vectors of N need not be linearly independent. However, if these vectors are linearly 
independent then they constitute a `basis' for the vector space. In other words, a basis for a 
vector space is a set of linearly independent vectors that spans the vector space. 
Now, the columns of A corresponding to the ones indicated by an asterisk in Eqn 5.16 constitute 
a basis for a vector space called `column space of A'. These columns are shown as the columns 
of matrix Ac in Eqn 5.17. 
0 -0.5 0 0 -1 
1 0 0 0 1 
0 0.5 -0.5 0 0 Ac_ 5.17 
0 0 0 0 0 
0 0 0.5 0 0 
0 0 0 1 0 
The column space of A is a subspace of the joint space of A. This subspace consists of vectors 
representing the loads that can be supported by the original configuration of the assembly of Fig 
5.2. In other words, this subspace consists of the loads that keep the assembly in static 
equilibrium without activating any mechanism. Fig 5.6 shows the vectors of the basis of the 
column space of A as loads applied to the assembly of Fig 5.2. It can be seen that all of the loads 
applied in the directions shown in Fig 5.6B to Fig 5.6F can be supported by the assembly without 
activating any mechanism. Also, any vector that belongs to the column space of A, that is, any 
linear combination of the independent vectors of the basis, can represent a load that can be 
carried by the assembly. The loads represented by the column space of A are usually referred to 
as `fitted loads'. 
The rA bars of the assembly of Fig 5.2, which are bars a, b, c, d and e, can be considered as the 
main bars, and the remaining b- rA =s bars, which is bar f, can be considered as redundancy (in 
general, redundancies). The redundancies are considered as states of self-stress. Therefore, in the 
case of the assembly of Fig 5.2, there is only one state of self-stress. The column space of A may 
also be regarded as containing the vectors representing the `extensional displacements' of the 
assembly. That is, the displacements of the assembly which are associated with the elongations 
of the bars. Thus, in Figs 5.6B to 5.6F, the vectors can be considered as displacement vectors, or 
more specifically as extensional displacement vectors. Also, any linear combination of these 
vectors is an extensional displacement vector as well. 
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ft 
d Im 
1 
'x 
C The second vector of Ac 
D The third vector of A, E The forth vector of A, F The fifth vector of Ac 
Fig 5.6 Pin jointed assembly with some of the fitted load vectors 
(or some of the extensional displacement vectors) 
5.2.3.3 Left Null Space of A 
Now, from matrix A'j I' of Eqn 5.16, the bottom m (see Eqn 5.16) rows of I' constitute a basis 
for the second subspace of the joint space. 
dX1 dyº dXj dyj d, dyk 
Aýý _[ 0 0 0 1 0 0] 5.18 
This subspace is called the `let null space of A'. It consists of vectors that represent the loads 
that cannot be carried by the original configuration of the assembly. The vectors of this subspace 
may also be regarded as representing the inextensional displacements, which relate to the 
mechanisms of the assembly. In the present example, the dimension in of the left null space of A 
is equal to one (i. e. the assembly of Fig 5.2 has only one mechanism). Eqn 5.18 shows the vector 
of the basis of the left null space of A. The load represented by this vector is an `unfitted load' 
and will activate the mechanism of the assembly. Also, this vector may be regarded as 
representing an `inextensional displacement'. This displacement does not cause any first order of 
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changes in lengths of the bars of the assembly. Fig 5.7 shows the position of the unfitted load 
vector, or the position of the inextensional displacement vector. 
Y 
X 
Fig 5.7 Pin jointed assembly with an unfitted load vector 
(or an inextensional displacement vector) 
The mechanism represented by Eqn 5.18 occurs at joint j in the y direction. This mechanism 
does not cause any first order elongations of the bars of the assembly. The left null space is 
orthogonal to the column space of A. This implies that the product of Ai and A, is a null matrix, 
that is, 
A,,, A, =0 
This null matrix has as many rows as the number of mechanisms in the assembly and has as 
many columns as the rank of A. Thus, for the present example of the assembly of Fig 5.2: 
0 -0.5 0 0 -1- 
1 0 0 o i 
[0 0010 0] 
0 5 0 0 
- [0 000 0] 5.19 0 0 0 0 0 
0 0 0.5 0 0 
0 0 0 1 0 
It is important to mention that any displacement that might cause higher order elongations are 
also considered as inextensional displacements (mechanisms). It has been shown that the number 
and the places of the mechanisms involved in a pin jointed assembly may be obtained from the 
characteristics of the equilibrium matrix of the assembly. However, the treatment will not allow 
the distinction between different `orders' of mechanisms (the concept of the order of a 
mechanism has been discussed in Chapter 4). 
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5.2.3.4 Row Space of A 
Now, the bar space Rb also has two subspaces which are called the `row space of A' and the `null 
space of A'. From matrix A'I I' of Eqn 5.16, the top rA rows of A' form a basis for the row space 
of A. These rows are shown as the rows of matrix A, as follows: 
1 0 0 0 1 0 
0 -0.5 0 0 -1 0 
Ar= 0 0 -0.5 0 -1 0 5.20 
0 0 0 1 0 1 
0 0 0 0 -1 1 
The elements of each vector of the row space of A are the tension coefficients of the assembly 
corresponding to a particular set of fitted loads. In other words, the equilibrium equations for an 
assembly are satisfied in a way such that any vector with bar tension coefficients is a vector 
belonging to the row space of A and the force vector is a vector belonging to the column space of 
A. That is, 
AAte, =Acs, 
where Ate, and Ac,, are vectors belonging to the row space of A and column space of A, 
respectively. 
For instance, in the case of the assembly of Fig 5.2, a vector belonging to the row space of A 
such as the last row of Ar, that is, the vector 
(o 000 -ý 11T 
is considered as a vector of tension coefficients. Applying the equilibrium equation for the 
assembly of Fig 5.2 (Eqn 5.8) 
0 -0.5 0 0 -1 0 o 1 
1 0 0 0 1 0 0 -1 
0 0.5 -0.5 0 0 0 0 0 
0 0 0 0 0 0 0 - 0 5.21 
0 0 0.5 0 o 1 -1 1 
0 0 0 1 0 1-1 L- i J i L- 
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The force vector obtained from Eqn 5.21 is a fitted load vector belonging to the column space of 
A. To wit, the force vector 
a= [1 -1 0011 ]T 
is a linear combination of the vectors of A, (a basis for the column space of A) represented as 
a=A, 1 + 2Ac2 + 2Ac3 + Ac4 - 2Ac5 
where Act, Ac21 AO, Ac4 and Acs are the first, second, third, forth and fifth columns of A, 
Also, the row space of A can be interpreted kinematically as consisting of the vectors that 
represent the bar elongations. Consequently, any set of bar elongations that is represented by the 
row space of A satisfies the conditions of compatibility of the assembly. That is, equations of 
compatibility of an assembly are satisfied in a way that a vector of bar elongations is a vector 
belonging to the row space of A and a vector of the nodal displacement components is a vector 
belonging to the column space of A. For instance, in the case of the assembly of Fig 5.2, a vector 
belonging to the column space of A represented as a linear combination of vectors of A, of Eqn 
5.17 (a basis of the column space of A) as 
b=A, l+ Ac2 - 2Ac3 
that is, 
b= [-0.5 1 1.5 0 -1 Of 
Considering vector b as the nodal displacement vector and applying the equations of 
compatibility for the assembly of Fig 5.2 (Eqn 5.13) 
0 1 0 0 0 0 - 0.5 1 
-0.5 0 0.5 0 0 0 1 1 
0 0 -0.5 0 0.5 0 1.5 -1.25 
_ 5.22 0 0 0 0 0 1 0 0 
-1 1 0 0 0 0 -1 1.5 
0 0 0 0 1 1 0 -1 
The elongation vector obtained from Eqn 5.22 is a vector of compatible elongations belonging to 
the row space of A. This vector is 
c= [1.00 1.00 -1.25 0.00 1.50 -1.00] 
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which is a linear combination of vectors of A, of Eqn 5.20 (a basis for the row space of A) 
represented as 
c= Ar, - 2Ar2 + 2.5Ar3 - Ar5 
where, A11, Ar2i A13 and Ars are the first, second, third and fifth rows of A,, respectively. 
5.2.3.5 Null Space of A 
The null space of A is a subspace consisting of vectors of tension coefficients of the bars that are 
in equilibrium with zero loads [5] [17]. These tension coefficients can exist in the assembly with 
no external loads. This may be represented by 
AT=O 5.23 
where A is the equilibrium matrix of Eqn 5.7 and T is a vector of the null space of A consisting 
of a set of tension coefficients. The number of the independent vectors of the null space of the 
equilibrium matrix A of a pin jointed assembly is equal to the number of the states of self-stress 
of the assembly. In fact, each independent state of self-stress is represented by an independent 
vector of the null space of A. It has been mentioned in Section 5.2 that the number of states of 
self-stress is s=b- rA (see Eqn 5.3) where b is the number of bars in the assembly and rA is the 
rank of the equilibrium matrix of the assembly. In order to find the independent states of self- 
stress of an assembly, one needs to find a basis for the null space of A. This basis can be found 
by using the following procedure: first of all, it is known that there are a number of operations 
that may be applied to a system of linear simultaneous equations without altering the solution of 
the system. In other words, the application of these operations would change the system of 
simultaneous equations into an `equivalent' system of equations. These operations are referred to 
as `elementary row transformations' and are as follows: (a) interchanging any two of the 
equations, (b) multiplying any equation by any nonzero constant or (c) adding to any equation a 
constant multiple of another equation. The system of Eqn 5.23 is a system of homogeneous 
equations, where a system of linearly simultaneous equations is called homogeneous, if all of the 
constants of the equations of the system are equal to zero. In terms of the homogeneous system 
of Eqn 5.23, an equivalent system may be obtained by applying elementary row transformation 
of the coefficient matrix A. Therefore, since matrix A' of Eqn 5.16 is obtained by an elementary 
row transformation of matrix A of Eqn 5.8, then the system of equations. 
AT=O 
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is equivalent to the system of equations 
A'T=0 5.24 
Thus, both systems of Eqns 5.23 and 5.24 have the same solutions. 
The fundamental theorem states that a system of m linear simultaneous equations in n unknowns 
Ax=b 
is consistent (i. e. has one or more solutions) if and only if the coefficient matrix of the system 
(i. e. the mxn matrix A) and the augmented matrix of the system (i. e. the mx (n+l) matrix 
formed by adding the vector b to the right side of A) have the same rank r. 
Also, if the system is consistent then 
if r=n the system has a unique solution 
and if r<n the system has an infinite number of solutions. 
For Eqn 5.24, the rank rA of the equilibrium matrix of the assembly of Fig 5.2 is less than the 
number of unknowns (i. e. bars of the assembly b). Therefore, the system of Eqn 5.24 has an 
infinite number of solutions. Every solution of the system corresponds to a state of self-stress 
and can be obtained by giving an arbitrary value to the redundancy of the system. For instance, 
in Eqn 5.24 one can put a value of 1 for the tension coefficient of the redundant bar (a value of 1 
is useful since it helps to find the proportions of the tension coefficients of the state of self 
stress). The redundant bar for the assembly of Fig 5.2 is bar f which is the bar represented by the 
column that has no asterisk in matrix A'I I' in Eqn 5.16. Thus, 
A' T=0 
1 0 0 0 10 to 0 
0 -0.5 0 0 -1 0 tb 0 
0 0 -0.5 0 -1 0 tc 0 = 5.25 0 0 0 1 01 td 0 
0 0 0 0 -1 1 to 0 
0 0 0 0 00 1 0 
The solution of Eqn 5.25 produces the tension coefficients of the bars of the assembly 
corresponding to a state of self-stress, as follows: 
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to -I 
tb -2 
T= 
t° 
_ -2 5.26 td -1 
te 1 
tf 1 
c- 
3 
1) 
IN. 
x 
Fig 5.8 Tension coefficients for a state of self-stress 
Fig 5.8 shows the tension coefficients corresponding to a state of the self-stress of the assembly 
of Fig 5.2. The values of tension coefficients in Eqn 5.26 relate to a particular choice of 
redundancy. However, any scalar multiple of the vector on the right-hand side of Eqn 5.26 is also 
a solution of Eqn 5.24 and represents a valid state of self-stress for the assembly of Fig 5.2. 
In general, in order to solve Eqn 5.24, one needs to consider one redundancy at a time (if there is 
more than one redundancy in the assembly) and to put a value of 1 for one of the redundancies 
with the rest of the redundancies being chosen as zeros. Then one has to find, by solving Eqn 
5.24, the tension coefficients in the rest of the bars. The result will give one state of self-stress. If 
there is more than one redundant bar in the assembly, one needs to repeat the process by putting 
a value of 1 for each of the remaining redundant bars, in turn, and to find the rest of the states of 
self-stress in the same manner as for the first state of self-stress. 
The vectors of tension coefficients representing the states of self-stress obtained in this manner 
constitute a basis of the null space of A. This implies that any linear combinations of the vectors 
of the basis will be a vector of the null space of A and represents a state of self-stress. 
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The null space of A can also be described kinematically as consisting of the vectors representing 
the elongations that are forbidden by the equations of compatibility, in other words, the 
elongations that are not compatible. The null space of A is orthogonal to the row space of A. for 
the example of Fig 5.2, the orthogonality implies that the product of A, (Eqn 5.20) and t (Eqn 
5.26) produces a null matrix. 
A, T=0 
That is 
-1 1 0 0 0 1 0 0 
-2 0 -0.5 0 0 -1 0 0 
-2 0 0 -0.5 0 -1 0 = 0 5.27 
-1 0 0 0 1 0 1 0 
1 
0 0 0 0 -1 1 0 1 
It is also true that each vector of tension coefficients, which is in equilibrium with a vector of 
fitted loads (see Section 5.2.3.2), is orthogonal to the vector of tension coefficients representing a 
state of self-stress. Also, each vector of compatible elongations is orthogonal to a vector of 
incompatible elongations of the assembly, as can be seen from Eqn 5.27. 
The four subspaces of the equilibrium matrix are specified with their dimensions in Fig 5.9. 
Bar space (Rb) 
Row space of A Null space of A 
Joint space (R22'") 
Column space of A Left null space of A 
dimension of dimension of 
space is rA space is s 
dimension of dimension of 
space is rA space is m 
Fig 5.9 The four subspaces of the equilibrium matrix 
5.3 Stabilising Mechanisms 
There is a method by which one can find whether a state of self-stress can stabilise the 
mechanisms in a pin jointed assembly. This method was presented by Pellegrino and Calladine 
[17]. In the present work, this method is referred to as the method of `product forces'. The 
method was found to be not sufficient and a modified method was presented later by Calladine 
and Pellegrino [19] which works well for both assemblies with one state of self-stress and 
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assemblies with more than one state of self-stress. This modified form of the product forces 
method is easy to apply for the case of one state of self-stress, but the problem becomes more 
complicated with assemblies containing more than one state of self-stress, as explained later. It 
should be mentioned that states of self-stress could stabilise an assembly only if the assembly 
contains first order mechanisms (see Chapter 4 for order of mechanisms). 
YP 
To aij To bi 
Lo 
Fig 5.10 Pin jointed assembly with the product force P 
5.3.1 Product Forces 
The example of Fig 5.10 is used to introduce what is called `product forces'. The assembly of 
Fig 5.10 consists of two pin jointed collinear bars (denoted by a and b). The assembly is 
assumed to have a state of self-stress and the value of the internal tension in the bars of the 
assembly corresponding to a state of self-stress is denoted by To. The application of a vertical 
load P at joint j causes an infinitesimal displacement d in a way that no significant elongations 
are created in the bars of the assembly. The deformed shape of the assembly is represented by 
dotted lines in Fig 5.10. Here, the equilibrium of the forces at joint j requires that: 
P=2 Tosin0 
If there is no vertical displacement at joint j (and, therefore, 0= 0), then the value of the vertical 
load P should be equal to zero in order to satisfy the equilibrium at joint j. 
Now, since the angle 0 caused by the displacement is small, 
sin6st; tan 0-- d/L0 5.28a 
Then, it is almost true that 
P=2Tod/Lo 5.28b[47] 
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Fig 5.11 Pin-jointed assembly with the external force P* 
The force P here is the force that can be carried by the assembly in the presence of a state of self- 
stress and an infinitesimal displacement of the mechanism at joint j (so that, no significant 
elongations of bars are present in the assembly). The force P is called the `product force' of the 
mechanism. The terminology is due to the fact that P is proportional to the original tension in the 
bars multiplied by the displacement d. However, this force is different from the external force 
(which is denoted by P*) that can be carried by the assembly due to the self-stress tension force 
To and the tension force corresponding to the elongation of each bar (which is denoted by Ta), 
see Fig 5.11. Here, the actual vertical displacement d* is not infinitesimal but relatively small. 
The external force P` can be calculated as follows: 
From the geometry of the assembly in Fig 5.11, 
Lie = d*2 + Lot 
Considering the fact that L1 is equal to the sum of the original bar length Lo and the elongation e 
of a bar, it follows that 
(Lo + e)2 = die + Lot 
or 
Lot +2 e Lo + e2 = d*2 + L02 
Since e is a small quantity then the term e2 may be ignored and therefore it is almost true that 
2eLo = d"2 
or e=d*2/2Lo 5.28c 
One may also write 
Te=EAe/Lo 
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where T, is the tension force corresponding to the elongation e of a bar, A is the cross-sectional 
area of a bar and E is the modulus of elasticity of the material of the bars. Substituting for e from 
equation 5.28c, 
Te = EA d *2 /2 L02 5.28d 
The force P' is given by 
P` =2 (To + T, ) sin 6* 
Also, since the angle 0S caused by the displacement is small, 
sin O'-- tanO'; t% d'/Lo 
then it is almost true that 
P' =2 (To + T, ) d'/ Lo 
Substituting for Te from Eqn 5.28d 
P*=2Tod /Lo+EAd*3/L03 5.29 
The product force of Eqn 5.28b is a force in the vertical direction at joint j. It is important to 
mention that there is no product force in the horizontal direction at joint j since there is no 
mechanism in that direction. That is, there is no inextensional displacement in the horizontal 
direction at joint j. Therefore, the product forces of the mechanism at joint j can be rewritten in a 
vector form as: 
ix Jr 
P= [0 2Tod/Lo]T 5.30 
The same vector of product forces of the mechanism of the assembly can be obtained by 
considering the equilibrium matrix of the assembly. The equilibrium equations of the deformed 
configuration of the assembly of Fig 5.10 (with the presence of a state of self-stress and an 
infinitesimal displacement of the mechanism in the assembly) can be written as: 
AdT=P 5.31 
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((X, +uj)-(Xi +ui)) ((Xj +Uj)-(Xk +uk)) 1 [] to 
_ 
Pjx 
((y j +vj)-(Yi +vi) ((y j +vj)-(Yk 
+Vk)) tb Pjy 
5.32 
where: 
T is the vector of the bar tension coefficients corresponding to a state of self-stress, see Section 
5.2.3.5, 
P is the vector of product forces of the mechanism at joint j, and 
Ad is the equilibrium matrix of the deformed configuration of the assembly. 
In matrix Ad the terms uj and vj are the components of the displacement caused by the imposed 
mechanism at joint j and u;, v;, Uk and Vk are the components of displacement corresponding to 
degrees of freedom at the supports and therefore, u; = v; = Uk = vk = 0. From Eqn 5.32 by 
substituting for x; =0, xß=L0, xk=2Lo, y; =yj =yk=0, U; =Vi=Uk=Vk=Uj=0, vß=d and ta=tb 
= to where to = T0/Lo, Eqn 5.32 becomes 
Lo - Lo to = 
PjX [] 
', ' 
[ 
dd Ltoi P; Y 
] 
[2t0d] 
The vector of product forces can also be obtained from the following equation: 
AAT=P 
U to 
_ 
Pix 
dd Lt0J Pjy 
or 
IPjxl=1 0 
PAY 2 tod 
5.33 
Here, matrix DA is the matrix difference between the equilibrium matrix of the deformed 
configuration (that is, Ad) and the equilibrium matrix of the original configuration (denoted by 
A) which, can be written as (see Section 5.2.1): 
_ 
(x. -x1) (X; -xk) 
_ 
L0 -Lo A 
(Yi-Yi) (Y; -Yk) 00 
In order to obtain Eqn 5.33, one may proceed as follows: 
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From Eqn 5.31, that is 
AdT=P 
where 
Ad=A+AA 5.34 
substituting from Eqn 5.34 into Eqn 5.31, 
(A+AA)T=P 
or AT+AAT=P 5.35 
According to Eqn 5.23, 
AT=O 
Then, Eqn 5.35 can be rewritten as 
MT=P 
y 
0.5m 0.5m 
Infinitesimal displacement 
b 
-a-. C 
J 
ef 
ad 
m1 
Im 
IN. 
Fig 5.12 Assembly of Fig 5.2 with the mechanism given an infinitesimal displacement 
Now, consider a larger assembly, namely, the assembly of Fig 5.12. For this assembly the 
product forces of the mechanism are obtained using the same procedure as in the previous 
example using the equations of equilibrium and the tension coefficients of a state of self-stress. 
Also, through the example of Fig 5.12 the application of the method of product forces is 
illustrated. First of all, the product forces of the mechanism in the assembly of Fig 5.12 can be 
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obtained as follows: The deformed configuration of the assembly can be represented by a new 
set of equilibrium equations which can be written as: 
a 
xi ((xi +ui)-(xm +um)) 
yi ((yi +Vi)-(ym +Vm)) 
xi 0 
yi 0 
xk 0 
Yk 0 
d 
0 
0 
0 
0 
((Xk +Uk) -(XI +u1)) 
((Yk +Vk) -(YI +V1)) 
or 
AdT=P 
b 
((x; +u1)-(x3 + u; )) 
((Y1 +v1)-(Y; +v; )) 
((x; +U; ) - (x; + ui)) 
((Y; +v; )-(Y1 +v1)) 
0 
0 
C 
((x; +u; )-(x, +u, )) 
((Y1 +v1)-(Y, +vi)) 
0 
0 
0 
0 
C 
0 
0 
((xi +uj) -(Xk +Uk)) 
((Yj +Vj)-(Yk +Vk)) 
((Xk +Uk)-(Xi +u)) 
((Yk +Vk) -(Yj +Vj)) 
f 
0 
0 
0 
0 
((Xk +Uk)-(Xm +Um» 
((Yk +Vk) -(Ym +Vm)) 
to Pi. 
tb Ply 
tc 
= 
Pjx 5.36 
td PJy 
t0 Pkx 
tf Pky 
where u;, uu and Uk are the x-components of displacements caused by the imposed infinitesimal 
movement of the mechanism and v;, vj and Vk are the y-components of displacements due to the 
imposed mechanism and where ui = vi = um = vm = 0, since these relate to immovable support 
joints. Matrix Ad is the equilibrium matrix of the assembly corresponding to its deformed 
configuration under the imposed infinitesimal displacement. Matrix Ad has the same order as the 
original equilibrium matrix (matrix A of Eqn 5.6). Also, the terms, tag tb, ..., tf are the 
bar tension 
coefficients which correspond to a state of self-stress. It is assumed that the tension coefficients 
corresponding to the state of self-stress in the assembly do not change when the mechanism is 
given a small displacement, since there are no bar elongations involved. The terms pix, p; y, ..., 
Pky in Eqn 5.36 are the product forces of the mechanism. These forces can be carried by the 
assembly only in the presence of a state of self-stress accompanied by infinitesimal 
displacements of the mechanism (i. e. these forces cannot be carried by the assembly in its 
original configuration). Also, these product forces can be expressed as: 
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Pi. (ui -um) (ui -uff) 
0 0 (ui -ul) 0 to 
Piy (vi -Vm) (Vi -vj) 0 0 (vi -v1) 0 tb 
p; x _0 - 
(ui -ui) (Ui -uk) 0 0 0 te 5.37a 
p; y 0 (v - vi) 
(Vi - vk) 0 0 0 td 
Pkx 0 0 (Uk -u3) (Uk -U1) 0 (Uk -Um) te 
Pky 0 0 (vk -v) (Vk -Vl) 
0 (Vk -Vm) tf 
or PEAT 5.37b 
The derivation of this equation can be carried out in a manner similar to that used for Eqn 5.33. 
It is important to mention that certain assumptions were made in the study of the characteristics 
of the equilibrium matrix of a pin jointed assembly. These assumptions are as follows: 
" An assembly is assumed to be in its original configuration under any applied fitted loads. 
" It is assumed that the material of an assembly is linearly elastic. 
Furthermore, it should be mentioned that this approach of studying pin jointed assemblies can be 
applied to assemblies that contain cables as long as the bars that represent the cables are under 
the state of tension forces. 
5.3.2 Method of Product Forces 
The method of product forces is illustrated for the assembly of Fig 5.12. For this assembly, there 
is only one state of self-stress and one mechanism (see Sections 5.2.3.2 and 5.2.3.3) and Fig 5.8. 
From Eqn 5.37a, the product forces for the mechanism can be obtained numerically as follows: 
Pi, 000000 -1 0 
p; y 0 -1 0000 -2 2 
p; x 000000 -2 0 
pjy 011000 -1 -4 
p, x 000000 1 0 
pky 00 -1 000 1 2 
A new matrix consisting of the vectors of fitted loads of the assembly (see Eqn 5.17, a basis for 
the column space of A) augmented with the vector of product forces can be written as: 
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0 -0.5 0 0 -1 0 
1 0 0 0 1 2 
0 0.5 -0.5 0 0 0 Ap 5.38 
0 0 0 0 0 -4 
0 0 0.5 0 0 0 
0 0 0 1 0 2 
In general, matrix AP is a square matrix of order 2j-k by 2j-k (that is, the number of degrees of 
freedom). The rank of matrix AP shows whether the vector(s) of product forces lie within the 
column space of A, see Section 5.2.3.2, or the space of fitted loads is extended to be a larger 
space due to the presence of a state of self-stress. If the rank of matrix AP is equal to the rank of 
matrix A, then the product forces lie within the column space of A and the assembly will not be 
able to support arbitrary loads that it could not support in its original configuration (that is, when 
the assembly is not prestressed by a state of self-stress). However, if the rank of matrix AP is 
larger than the rank of matrix A but not of a full rank then there might be some product forces 
that the assembly can carry in addition to the loads that it can carry in its original configuration. 
In other words, some mechanisms of the assembly might be stabilised by the state of self-stress. 
Also, if matrix AP is of full rank, then the product forces can be carried by the assembly in its 
deformed configuration in a way that the state of self-stress could stabilise all of the mechanisms 
of the assembly. For example, in the assembly of Fig 5.12 the rank of matrix A" is equal to six, 
that is, the matrix is of full rank and the state of self-stress stabilises the mechanism of the 
assembly. 
A number of simple examples is considered in the sequel to exemplify the problem of stabilising 
pin jointed assemblies involving mechanisms. In these examples it will be shown that the 
condition of full rank of matrix AP is necessary but is not always sufficient. Also, one needs to 
satisfy another condition in order to insure that an assembly of one state of self-stress can 
stabilise all of the mechanisms in the assembly. This condition will be discussed later. 
Consider the chain-like pin jointed assembly of Fig 5.13. 
Y 
l a 1 b J c k d m y "^ p - ºx 
Im Im Im lm 
Fig 5.13 Planar pin jointed assembly 
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For the assembly of Fig 5.13 the equilibrium matrix can be written as: 
a b c d 
x; 1 -1 0 0 
y; 0 0 0 0 
xi 0 1 -1 0 A = 
yj 0 0 0 0 
Xk 0 0 1 -1 
yk 0 0 0 0 
Using the forward elimination process of the Gaussian elimination, matrix A'11' is found as: 
*** 
1 -1 0 0 1 0 0 0 0 0 
0 1 -1 0 0 0 1 0 0 0 _, 1 0 0ý 1 1 0 0 0 0 1 0 
A, j F _ ____ . _ _ _ _ _ _ 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 0 0 1 
From the augmented matrix A'I I' the rank and the properties of the equilibrium matrix can be 
found as follows: 
" The rank of matrix A is: 
" The number of states of self-stress is: 
rA=3 
s=b-rA or s=4-3=1 
where b is the number of bars. 
9 The number of mechanisms is: m=2j-k-rA or m=10-4-3=3 
where j is the number of joints and k is the number of constrained degrees of freedom. 
Now, the mechanisms of the assembly correspond to the left null space of A, are represented by 
the bottom m rows of I', that is: 
- 
00010 oý nýý=oioooo 0 ooooi 
The mechanisms corresponding to the rows of A1 are shown below: 
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Ion 
la1, dm l>O 00 -_ 
(A) Mechanism corresponding to the first row of A,  
Y 
---_- x 
ý1 a1b, Ckdm 
(B) Mechanism corresponding to the second row of Ain 
Y 
_-o_ 
1aib j-: kdm 
(C) Mechanism corresponding to the third row of Al,, 
Fig 5.14 Mechanisms corresponding to the rows of A,,, for the assembly of Fig 5.13 
The state of self-stress can be found from: 
A' T=O 
1 -1 0 0 0 
0 1 1 0 t, 0 
0 0 1 -1 tb _0 0 0 0 0 to 0 
0 0 0 0 1 0 
0 0 0 0 0 
where the matrix on the left is the matrix A' and the vector containing the tension coefficients 
has an arbitrary value 1 corresponding to the 4`" column of A', which does not involve a pivot 
(see Section 5.2.3.1). The solution for this system is 
ta 
tb 1 T= = tc 1 
td 1 
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One can write (see Eqn 5.37b) 
P; = 0A; Tj 5.39 
where the subscript i (i = 1,2,..., m) refers to the it' mechanism and the subscript j (j = 1,2,..., s) 
refers to the jth state of self-stress. 
The numerical form of this equation for the example of Fig 5.13 is as follows: 
For the first mechanism 
Ain 1= [0 0010 0] 
Pi=AA1T1 
Pi. 000 0 0 0 0 0 0 
piy 0 -1 0 0 t, 0 -1 0 0 1 -1 
p; x 000 0 t2 0 0 0 0 10 P1 _ _ _ p; y 011 0 t3 0 1 1 0 12 
Pkx 000 0 t4 0 0 0 0 10 
Pky 00 -1 0 0 0 -1 0 
For the secon d mechanism 
A1i2 = [0 1 0 0 0 0] 
P2=AA2Tl 
Pi, 000 0 0 
p;,, 110 0 1 2 
P2 p; x _ 
000 0 1 0 
pjy 0 -1 0 0 1 -1 
Pk 000 0 1 0 
pk 000 0 0 
For the third mechanism 
A1n3 = [0 0 0 0 0 1] 
P3=M3Tt 
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pi" 0000 0 
piy 0000 1 0 
P3 - 
p; x _ 
0000 1 0 
pjy 00 -1 0 1 -1 
p, 0000 1 0 
pky 0011 2 
Matrix Ap for the assembly of Fig 5.13 can now be written as (see Eqn 5.38): 
1 -1 0 0 0 0 
0 0 0 -1 2 0 
AP- 
0 1 -1 0 0 0 
0 0 0 2 -1 -1 
0 0 1 0 0 0 
0 0 0 -1 0 2 
Using the Gaussian elimination process, the rank of matrix AP is found to be 6, that is, the matrix 
has a full rank. Therefore, the state of self-stress can stabilise all the mechanisms of the assembly 
of Fig 5.13. However, according to this method, there is another condition that should be 
satisfied. This condition states that the scalar product of each vector of product forces with the 
corresponding mechanism should be positive in order to assure that the state of self-stress 
stabilises all of the mechanisms of the assembly. Here, the scalar product represents twice the 
amount of change in the strain energy in the bars due to the imposed mechanism. Also, the 
assembly is stable only if the strain energy increases. In the case of the assembly of Fig 5.13, the 
check for a positive sign of the scalar product of each mechanism with the corresponding product 
forces is satisfied, that is: 
A1n1P1_ [0 0010 
0 
o] Z = z, 
0 
A1, a P2 = [0 1000 0] 
0 
z 
o2 
-1 
0 
0 
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0 
0 
A1n3 P3 = [0 0000 1] 
01 
=2 
0 
2 
Therefore, according to this method the assembly of Fig 5.13 can be stabilised with this state of 
self-stress. It should be noticed that if an opposite state of self-stress was applied to the 
assembly, that is, 
t, 
t2 -1 T_ - t3 -1 
t4 -1 
then the results of the sign of the scalar products would be opposite to the results obtained above. 
That is, 
Alnl Pi = -2, Aln2 P2 = -2, A1n3 P3 = -2 
This implies that the state of self-stress cannot stabilise the mechanisms. However, if the results 
of all the scalar products are negative, one may conclude that reversing the direction of the self- 
stress can indeed stabilise the assembly. 
y 
1 1 i 2 1 3 k 
Im lm m lm 4 
Fig 5.15 Pin jointed assembly in a plane 
X No 
The pin jointed assembly shown in Fig 5.15 is similar to the assembly of Fig 5.13 except that the 
fourth bar is reversed in a way that joints j and m of Fig 5.13 are coincident in Fig 5.15, without 
being connected. The equilibrium matrix for the assembly shown in Fig 5.15 can be written as: 
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1 -1 00 
0000 
01 -1 0 A= 
0000 
0011 
0000 
Using the forward elimination process of the Gaussian elimination, matrix A'I I' is found as: 
*** 
1 -1 0 0 1 0 0 0 0 0 
0 1 -1 0 0 0 1 0 0 0 i. _11 
0 0L 1 1 0 0 0 0 1 0 
A, j I, _ ___ _ --- . - ---- --- --- --- -- 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 1 0 0 0 0 
0 0 0 0 0 0 0 0 0 1 
From the augmented matrix A'I I' the rank and the properties of the equilibrium matrix can be 
found: 
the rank of matrix A is: 
rA=3 
the number of states of self-stress is (see section 5.2): 
s=b-rA, s=4-3=1 
the number of mechanisms is: 
m=2j-k-rA, m=9-3-3=3 
It can be noticed that the rank, the number of states of self-stress and the number of mechanisms 
for this assembly are the same as those found for the assembly of Fig 5.13. The three 
mechanisms of the present assembly are represented by the bottom m rows of I', that is: 
000100 
Am =010000 
000001 
Actually, these mechanisms are the same as those found for the assembly of Fig 5.13. 
The state of self-stress can be found as (see Section 5.2.3.5): 
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A'T=O 
1 -1 0 0 0 
0 1 -1 0 tl 0 ti -1 
0 0 1 1 t2 0 t2 
_ -1 ' 0 0 0 0 t3 0 t3 -1 
0 0 0 0 1 0 t4 1 
0 0 0 0 0 
The product forces for each mechanism are as follows (see Eqn 5.39): 
For the first mechanism 
A1n1= [0 0010 0] 
Pi=MA1T1 
0 0 0 0 0 0 
0 -1 0 0 ti 0 -1 
0 0 0 0 t2 0 0 
_ Pl - 0 1 1 0 t3 0 1 
0 0 0 0 t4 0 0 
0 0 -1 0 0 0 
For the second mechanism 
AW = [0 1 
P2=EAiTi 
00 
00 -i i 
00 -ý o 
00 i o 
-1 01 
0 
0 0 0 0 
1 1 0 0 -1 -2 
0 0 0 0 -1 0 P2 
0 -1 0 0 -1 1 
0 0 0 0 1 0 
0 0 0 0 0 
For the third mechanism 
A1n3 = [0 0 0 
0 
0 
0 
0 
0] 
1] 
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0o00 0 
0000 -1 0 
0000 -1 0 
__ P3 00 -1 0 -1 1 
0000 1 0 
0011 0 
Matrix A° for the assembly of Fig 5.15 can be written as (see Eqn 5.38): 
1 -1 0 0 0 0 
0 0 0 1 -2 0 
P 0 1 -1 0 0 0 A - 0 0 0 -2 1 1 
0 0 1 0 0 0 
0 0 0 1 0 0 
Using the Gaussian elimination process, the rank of matrix AP is found to be 6, that is, matrix AP 
has a full rank. However, the check for a positive sign for each vector of product forces with the 
corresponding mechanism is not satisfied as it is shown below: 
Ain1P1= [0 001 
0 
0 0] 2= -z, 
0 
0 
Aln3P3 = [0 0000 l] 1= 
0, 
0 
Aln2P2 = [0 100 
Therefore, the state of self-stress cannot stabilise the assembly. 
0 
_Z 
0 0] 
ý_ 
-2, 
0 
0 
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Y 
3 2 i- max 
1 
O. Sm 0.5m 0.5m 
Fig 5.16 Pin jointed assembly with three bars 
In fact, this method works well with some systems of pin jointed assemblies but does not work 
in all the cases. The example of Fig 5.16 shows an instance where the above method does not 
give rise to the correct conclusion. The assembly of Fig 5.16 consists of three pin jointed bars. 
The equilibrium matrix can be written as 
1 0.5 0 
0 0 0 
A_ 
0 -0.5 1 
0 0 0 
Using the forward elimination process, matrix A'I I' (see Section 5.2.3.1) is found as: 
** 
1 0.5 0 1 0 0 0 
__ -I 
0 X. 5 11 0 0 0 
A, j 1, - -- ------ _ _ - _ _ -- -- - -- 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 
From the augmented matrix A' j I' the following information can be deducted: 
" The rank of matrix A is: rA =2 
" The number of states of self-stress is: s=b- rA or s=3-2=1 
" The number of mechanisms is: m= 2j -k- rA or m=8-4-2=2 
The two mechanisms of the assembly are represented by the bottom m rows of I' (see Section 
5.2.3.3), that is: 
Ain = 
10 
000 
, 
The state of self-stress can be found as (see Section 5.2.3.5): 
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A'T=0 
1 0.5 0 0 
ti ' t -1 ' 0 -0.5 1 0 11 1 lt2l 2 1t2 000 ý 
l 1 Lt3] Lo 00 0 
The product forces for each mechanism are as follows (see Eqn 5.39): 
For the first mechanism 
Alnl _ [0 
P1=MA1T1 
pix 00 
P1_ p; y =11 
pix 00 
p jy 0 -1 
0 0 
_1 0 
= 
o 
Ii J ý o -2 
10 
For the second mechanism 
P2: -- AA2 Ti 
PAX 00 
P2 - 
piy 
_0 
-1 
p; x 00 
p jy 01 
Al2 = [0 00 
0 0 1 0 
= 
0 
1J 
1 3 
o] 
1] 
Matrix AP for the assembly of Fig 5.16 can be written as (see Eqn 5.38): 
1 0.5 0 0 
0 0 1 -2 Ap 
0 -0.5 0 0 
0 0 -2 3 
The rank of matrix Ap' is found to be 4, that is the matrix of a full rank. Also, the check for a 
positive sign for each vector of product forces with the corresponding mechanism gives: 
Aln1P1= [0 1 0 0] ö=i, Aln2P2 = [0 00 
0 
2 
1] 
p=3 
3 
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so, although the condition of the positiveness of the above vector products is satisfied, which 
implies that the assembly can be stabilised by the state of self-stress, it turns out that the 
assembly of Fig 5.16 cannot be stabilised and this can be tested by a simple physical model. 
5.3.3 Modified Method of Product Forces 
The method of product forces described above is based on satisfying two conditions: 
(1) The product forces for each mechanism do not lie in the column space of A. 
(2) The scalar product of each product force with the corresponding mechanism should be 
positive. 
It turns out that the second condition above cannot be considered as a correct approach when one 
wants to consider the strain energy of the whole system. That is, for finding the strain energy of 
the whole system not only the scalar product of each vector of product forces with the 
corresponding mechanism should be considered but also the scalar product of each vector of 
product forces with the mechanisms other than the corresponding mechanism. In other words, if 
the product forces are pi, p2, p3, p4....., pm with the corresponding mechanisms ml, m2, m3, ....., 
mm, then the strain energy of the system should be proportional to the matrix: 
AmIP1 
AInIP2 
Q= A1nP = .... 
AblPm 
Au, 2P1 Aun3PI .... Al,,,,, P1 
AWP2 
.... 
Au3P2 
.... 
.... A,,,, º, P2 
.... .... 
.... 
AwPm 
.... 
AIn3Pm 
.... .... 
.... A Pm 
In matrix Q, the values Aln2p1= Alnlp2, A1n3p1= A1ntp3, A1n3p2 = AWP3, """' Alnmpm-1 = A1nm-lPm" 
Therefore, Q is a symmetric matrix. This provides a basis for a modified method of product 
forces, which works satisfactorily as explained below. This modified method is based on finding 
whether the energy corresponding to the movement of the mechanism is positive in order to 
guarantee the stability of the system. In this method, to guarantee the stability of the system it is 
necessary for matrix Q to be positive definite, as will be explained next. 
For the assembly of Fig 5.16, the values of A1i2p1 and Ailp2 are: 
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0 
[o001]ä=-2, 
L-2 
0 
[o 10 0] = -2 
3 
Therefore, matrix W of the assembly of Fig 5.16 can be written as: 
_12Q-215.40 
A square symmetric matrix is positive definite if and only if its eigenvalues are all nonzero and 
positive. 
For the 2x2 square symmetric matrix Q, the eigenvalues are the roots of the (characteristic) 
equation [391 
ýQ-ýI ý-I1_2 
1-AI=O 
(1 -?, )(1 -%)-(-2)(-2)=0 
(1 -a, )2-4=0 that is, ((1 -X)+2)((1 -? )-2)=0 
or ((I -%)+2)=O that is, 3-X=0or ? =3 
and ((1 -%)-2)=0 that is, -1 -?, =0or %=-I 
Then, the eigenvalues of matrix Q in Eqn 5.40 are % 1= 3 and X2= -1, and therefore Q is not a 
positive definite matrix. From here one can deduce that the assembly of Fig 5.16 cannot be 
stabilised under the state of self-stress. 
5.3.3.1 Assemblies with One State of Self-stress 
In general, for assemblies with one state of self-stress, the modified method can be described as 
follows: 
For an assembly with m mechanisms, a general mechanism can be described by the relation: 
All A21 A31 Am, 
A12 A22 A32 Anß 
r1 
A13 +A A23 +P3 A33 + 
... 
+ßm Am3 
AI(2J-k) A2(22. 
k) 
A3(21-k) Am(21-k) 
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where the ß multipliers are any set of real numbers, with the provision that they cannot all be 
zeros. The column vectors in the above summation are the transposes of the rows of the matrix 
Ain, which is the left null space of the equilibrium matrix A. The above summation is given by: 
P Ain 
where Al is the left null space of A (see Section 5.2.3.3) and 
VI ß2 
#83 """ 
ßm 
J 
That is, 
A1n11 A102 A1n13 ... Abl(2j-k) 
A m21 A W2 A>n23 ... A 1n2(2j-k) 
Ain = [31 ß2 ß3 """ 
ßm ýA 131 A m32 A ln33 ... A w(2j_k) 
A1rm1 AI 
m2 
Alnm3 ".. A Inm(2j-k) 
/ýAInll +fl2AIn21 +/ý'/ý3AIn31 I'+... +/ýmAInml T /ý1 
QLA1n12 +ß2A122 +ß3A1 2 +"""+ßmAlnm2 
or Ain = ß1A1n13 +ß2A1,23 +ß3A133 +... +ßmAlnm3 
ßj A 
In l (2j-k) + 
ß2A 
1n2(2j-k) + 
ß3A 
1n3(2j-k) +... + 
ßm A lnm(2 j-k) 
Also, the product forces for this general mechanism can be described as: 
P11 P12 P13 Plm 
P21 P22 P23 P2m 
ßl P31 +ß P32 +ß3 P33 + 
""" 
+Pm Pam 
P(2j-k)I P(2j-k)2 P(2j-k)3 P(2j-k)m 
5.41 
Here, the ßs are the same as those of Eqn 5.41. The column vectors in the above summation are 
the vectors of product forces of each mechanism in the system as described in Section 5.3.1. The 
above summation can be written as: 
P ßT 
where P represents the vectors of product forces as described in Section 5.3.1. 
That is, 
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P11 P12 P13 ... Plm A 
P21 P22 P23 """ P2m ß2 
P PT P31 P32 P33 """ Pam 
ß3 
P(2j-k)I P(2j-k)2 P(2j-k)3 """ P(2j-k)m /'m 
ß1P11 +ß2P12 +ß3P13 +... +ßmPlm 
ß1P21 +ß2P22 +ß3P23 +... +ßmP2m 
or p ßT = ß1P31 + ß2P32 + 
ß3P33 +-+J 
mP3m 
LßIP(2j-k)1 +ß2P(2j-k)2 +)63P(2j-k)3 +""+ßmP(2j-k)m 
5.42 
The product of the general product forces with the general mechanism vector gives rise to a 
scalar that should be greater than zero. 
W=ßAinPßT >0 5.43 
The reason is that the value of W is the work done by the imposed displacements of the 
mechanism. Therefore, the value of W should be positive in order to ensure that the state of self- 
stress can stabilise the mechanisms of the assembly. Also, Eqn 5.43 can be written as: 
[11 
/'2 i'3 
P» 
P21 
P31 
P (2j-k)1 
Aunil 
Awl 
... Ym JA In31 
A,,,,,,, 
lxm 
P12 P13 ... 
P22 P23 ... 
P32 P33 """ 
P(2j-k)2 P(2j-k)3 
(2j-k)xm 
A 
ln12 
A 
ln13 ... 
Alnl(2j-k) 
A 
In22 
A 
In23 ... 
A 
In2(2j-k) 
A1n32 A1n33 
... 
A 
ln3(2j-k) 
Aunnnz AInn, 3 ... Alnn, (2j_k) 
mx(2j-k) 
Plm A 
P2m /62 
Pam 
#3 
P(2j-k)m ßm 
mxl 
5.44 
It should be noticed that each component of vector ß corresponds to an independent mechanism. 
Also, each column of matrix P represents a vector of product forces of an independent 
mechanism of the system. The above inequality (Eqn 5.44) can be written as: 
Sana S. El-lishani 177 
Chapter 5 Stability of Pin jointed Assemblies PhD Thesis 
q11 q12 q13 """" Qlm /"'1 
q21 q22 q23 """" q2m N2 
[PI 
182 13 """ 
6m ] q31 q32 q33 """" q3m 
A>0 
Qml Qm2 Qm3 """" qmm 
Pm 
lxm mxm mxl 
or 
PQ1T >0 5.45 
That is, Eqn 5.43 becomes: 
W=PQßT>0 5.46 
Matrix Q is a symmetric square matrix. From matrix algebra [39], the left side of the above 
inequality is called a quadratic form. Also, matrix Q is the symmetric square matrix of that 
quadratic form. Here, in order to satisfy the inequality the quadratic form should be positive. 
Also, the positiveness of a quadratic form can be satisfied only if its matrix is positive definite. 
Then the modified method will only be about satisfying the condition that matrix Q of the system 
is positive definite. That is, as mentioned before, the eigenvalues of matrix Q should all be 
positive. 
5.3.3.2 Assemblies with More than One State of Self-stress 
For assemblies with more than one state of self-stress, the problem of ensuring the stability of 
mechanisms is more complicated. The reason is that one needs to find at least one state of self- 
stress (any vector belongs to the null space of A) that can stabilise all of the possible mechanisms 
of the assembly, for explanation the following example is given: 
Fig 5.17 shows a pin jointed assembly which consists of 7 bars. Here, the equilibrium matrix of 
the assembly can be written as (see Section 5.2.1): 
A= 
1 -1 0 0 0 0 0 
0 0 0 0 0 0 0 
0 1 -1 0 0 0 0 
0 0 0 0 0 0 1 
0 0 0 1 -1 0 0 
0 0 0 0 0 0 0 
0 0 0 0 1 -1 0 
0 0 0 0 0 0 -1 
Sana S. El-lishani 178 
Chapter 5 Stability of Pin jointed Assemblies PhD Thesis 
Im 
Y 
ý ým ý! 
J 
7 
n 
-- x 
ö 4 k 5 L 6 p 
Im lm lm 
Fig 5.17 Pin jointed assembly in a plane 
Using the forward elimination process of the Gaussian elimination, matrix A'I I' (see Section 
5.2.3.1) is found as: 
***** 
A'BI'= 
1 -1 0 0 0 0 0 
Ö ;1 
-1 0 0 0 0 
ý 0 Ö Ö; 1 -1 0 0 
ý 0 0 0 0 ;1 -1 0 
- 0 0 0 6 1 1 . 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
0 0 0 0 0 0 0 
1 0 0 0 0 0 0 0 
0 0 1 0 0 0 0 0 
0 0 0 0 1 0 0 0 
0 0 0 0 0 0 1 0 
0 0 0 1 0 0 0 0 
0 0 0 0 0 1 0 0 
0 1 0 0 0 0 0 0 
0 0 0 1 0 0 0 1 
From the augmented matrix A' j I' the following information can be deducted: 
the rank of matrix A is: 
rA=5 
the number of states of self-stress is: 
s=b - rA, s =7-5=2 
the number of mechanisms is: 
m=2j-k-rA, m=16-8-5=3 
The three mechanisms of the assembly are represented by the bottom m rows of I' as (see 
Section 5.2.3.3): 
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00000100 
Ai= 01000000 
00010001 
The two independent states of self-stress can be found as follows (see Section 5.2.3.5): 
A'T=O 
"1 -1 0 0 0 00 0 tl ti 1 
0 1 -1 0 0 00 0 t2 t2 1 
0 0 0 1 -1 00 0 1 t3 1 
0 0 0 0 1 -1 0 0 t4 = , T1= t4 =0 0 0 0 0 0 01 0 
is t5 0 
0 0 0 0 0 00 0 
0 t6 0 
0 0 0 0 0 00 0 
t, t, 0 
0 0 0 0 0 00 0 
l -1 00000 0 t' t' 0 
ý1 -1 0000 0 
001 -1 00 
t 
0 
t2 0 
0 t3 3 0 D000110 0 
0000001 
t4 = 0 
T2= t4 = 1 
0000000 tl 0 
t6 6 1 0000000 0 
t7 t7 0 
0000000 0 
The product forces for each mechanism can be found as follows (see Eqn 5.39): 
For the first state of self-stress: 
For the first mechanism 
A1n1= [0 0 0 0010 
P11=AA1TI 
00 000 0 0 0 
1 
00 000 0 0 0 
1 
00 000 0 0 0 
1 
00 
P11= 
000 0 0 
0 
00 000 0 0 0 
0 
00 011 0 0 0 
00 000 0 0 0 
00 00 -1 0 0 0 
o] 
5.47a 
5.47b 
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For the second mechanism 
AW = [0 1 0 0000 0] 
P12=AA2T1 
00000 0 0 0- 
11000 0 0 
1 
2 
00000 0 0 
1 
0 
0 -1 000 0 0 -1 _ P12 _ 0 00000 0 0 0 
00000 0 0 
0 
0 
00000 0 0 0 
00000 0 0 
0 
0 
For the third mechanism 
A1r3=[0 0 0 1000 1] 
P13 = A3 T1 
00 000 0 0 0 
0 -1 000 0 0 
1 
-1 
00 000 0 0 0 
01 
P13 _ 
100 0 0 
1 
0 
2 
00 000 0 0 0 
00 00 -1 0 0 
0 
0 
00 000 0 0 0 
00 001 1 0 
0 
0 
For the second state of self-stress: 
For the first mechanism 
A1i1= [0 0 0 0010 0] 
P21=AAIT2 
00 000 0 0 0 
00 000 0 0 
0 
0 
00 000 0 0 
0 
0 
P21= 
00 000 0 0 
0 
1 
0 
00 000 0 0 0 
00 011 0 0 
1 
2 
00 000 0 0 
1 
0 
00 00 -1 0 0 
0 
-1 
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For the second mechanism 
A1n2 = [0 100000 0] 
P22 = DA2 T2 
0000000 0 0 1100000 0 
0 
0000000 0 
0 
0 -1 00000 0 P22 _ _ 0000000 
1 
0 
0000000 0 
1 
0000000 0 
0 
0000000 0 
For the third mechanism 
A1i3=[0 0 0 1000 1] 
P23 = iA3 T2 
00 000 0 0 0 
0 
0 -1 000 0 0 0 
00 000 0 0 
0 
0 
01 100 0 0 0 
P23 _ = 00 000 0 0 
1 
0 
00 00 -1 0 0 -1 1 
00 000 0 0 0 
0 
00 001 1 0 2 
Matrix Qi (see Section 5.3.3.1) of the system under the ith state of self-stress can be found from: 
Qi = Al,, Pi 
For the case under consideration 
000 
02 -1 
000 
0 -1 2 Pt=h» P12 PI3]= 000 
000 
000 
000 
and 
5.48 
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A1n1 00000100 
A1n = A,, 2 =01000000 
A,,,, 00010001 
Therefore, 
00000100 
Q1=AinPi= 01000000 
00010001 
Also, 
Pz = 1P 21 P22 P23] = 
and therefore, 
000 
000 
000 
000 
000 
20 -1 
000 
-1 02 
000 
02 -1 
000 
0 -1 2 
000 
000 
000 
000 
0 0 0 
= 0 2 -1 
0 -1 2 
000 
000 
000 
000 
000 
20 -1 
000 
-1 02 
00000100 
Q2=AiP2= 01000000 
00010001 
2 0 i 
= o 0 0 
-I 0 
For the whole assembly under any state of self-stress the matrix Q can be written as: 
Q=a, Qi+a2Q2 
00020 -1 
Q=a1 02 -1 +a2 000 
0 -1 2 -1 02 
5.49 
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2a2 0 -a2 
or Q=0 2a, - a, 5.50 
- a2 - al 2a, + 2a2 
where a, and a2 are any two real numbers with the provision that not both of them are zeros. 
For the general case: 
Q=» a1Q, 
i-I 
5.51 
where s is the number of states of self-stress in the assembly and where as are any set of s real 
numbers with the condition that at least one of them is nonzero. 
Substituting Eqn 5.51 into Eqn 5.46 yields: 
a 
W=ß ýaiQi ßT >0 5.52 [19] 
i=1 
Where, W is the work done and 
N= U"I /'2 /'3 "' 
Pm 
J 
is a vector containing a set of m real numbers with at least one of them being nonzero. Each 
component of this vector is a multiplier of an independent mechanism of the system. 
In order to ensure that the states of self-stress can stabilise the mechanisms of the system, one 
has to make sure that W is positive for every possible P. This can only happen if there is at least 
one set of a; s (i =1,2, ...., s) such that the matrix 
Q=±a1Q1 
i=l 
is positive definite. In the case of the example of Fig 5.17, there are two independent states of 
self-stress and, therefore, s=2. Thus, any choice of a pair of as will give rise to a matrix Q. For 
example, if 
a1=a2=1 
then from Eqn 5.50 
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20 -1 
Q=02 -1 5.53 
-1 -1 4 
The eigenvalues of the above matrix are as follows: 
%I = 1.2679, X2 = 2.0000,713 = 4.7321 
Therefore, the set of a values (al = a2 = 1) can give rise to a state of self-stress T consisting of 
the combination al Art + a2 Ar2 (see Eqns 5.47a and 5.47b) as: 
1 0 1 
1 0 1 
1 0 1 
T=1 0 +1 1 = 1 
0 1 1 
0 1 1 
0 0 0 
This state of self-stress can stabilise the mechanisms of the assembly. It is important to mention 
that if it can be proved that it is not possible to find a set of a values that gives rise to a positive 
definite matrix Q, then it can be concluded that the assembly cannot be stabilised. 
5.4 Optimisation and the Stability of Structures 
Finding a set of as that satisfies Eqn 5.52 can be a difficult task. This difficulty is not only for 
large and complex assemblies of structures but also for small structures with more than one state 
of self-stress. The problem is even more difficult when one wants to prove that the states of self- 
stress of a structure cannot stabilise its mechanisms. In dealing with these problems the use of 
optimisation methods has turned out to be quite successful. 
5.4.1 Calladine and Pellegrino's Method 
Calladine and Pellegrino used a method of optimisation based on the `revised simplex method' 
[19] in order to find a combination of the independent states of self-stress in an assembly that can 
satisfy Eqn 5.52. To find a set of as that satisfies Eqn 5.52, Calladine and Pellegrino evolved a 
routine, that after a sequence of operations, either identifies a set of as that results in a positive 
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definite matrix Q or otherwise shows that no such set of as exist. Their routine is briefly 
described as follows: a set of a's is found using a linear programming method (the revised 
simplex method) for a number of inequalities based on the following equation: 
W=ß3QßpT>O j=1,2...... n 5.54 
where Q= ± a; Q; 
i-I 
and where n is the number of inequalities, being initially equal to in (the number of 
mechanisms). ßßs (j = 1,2,.... n) are n vectors each of which contains m real numbers with at 
least one of them being nonzero. Subsequently, the routine calculates the eigenvalues and 
eigenvectors of matrix Q defined by the set of as. Here, one of the three following cases can be 
identified: 
1. All eigenvalues are positive and, therefore, Q is positive definite. 
2. Some eigenvalues are non-positive, and in this case the corresponding eigenvectors 
are included in the set of ßjs. That is, the number of inequalities (n) is increased. 
3. No solution can be found, that is, a positive definite matrix Q does not exist. 
In this routine, in order to make the calculations easier and speed up the operation, Eqn 5.54 is 
replaced with the following equation: 
s 
W-ßj ýajQj PjT>E>O 5.55 
Thus, the search will be for a set of as that maximises c. Where, c is a small positive number 
(say, 1OE-5). Here, each iteration requires the solution of a linear programming problem, with an 
increased number of inequalities. This is followed by the calculation of eigenvalues and 
eigenvectors of matrix Q from the solution of the linear programming problem. The routine 
converges when either of the cases 1 or 3 (stated above) is satisfied or otherwise a new iteration 
will be required. 
5.4.2 Genetic Algorithm Method 
In the present work, the concept of the genetic algorithm is used in order to obtain a set of as 
that satisfies Eqn 5.52 by identifying a positive definite matrix Q. Otherwise, the genetic 
algorithm shows that no solution can be found, and a positive definite matrix Q does not exist. In 
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fact, the aim of this algorithm is the same as that of the routine evolved by Calladine and 
Pellegrino [19] but using a different method of searching for a solution of Eqn 5.52 as will be 
shown through the illustrative examples. 
5.4.2.1 Illustrative Examples 
In this section the genetic algorithm method is explained in terms of a number of examples. As 
the first illustrative example, the assembly of Fig 5.17 is used. As explained before, the finding 
of a set of os that satisfies Eqn 5.52 can be achieved by finding a set of as that results in a 
positive definite matrix Q, see Section 5.3.3.2 and Eqn 5.51. Here, the fitness function is the 
`eigenvalues of Q'. 
5.4.2.1.1 Example 1 
Consider the assembly of Fig 5.17 and let the attention be focused on the stage of preparing the 
matrix Q as given in Section 5.3.3.2 in terms of Eqn 5.49 which is repeated here for 
convenience: 
00020 -1 
Q=a1 02 -1 +a2 000 
0 -1 2 -1 02 
The values of al and a2 are both in the range -1 to 1. 
1. Initiating population 
5.56 
For this problem, the fitness value is the number of positive eigenvalues of matrix Q (evaluated 
from Eqn 5.56). Here, an initial population with ten members is generated randomly (see Chapter 
3 Section 3.4), where each member consists of a pair of values for at and a2. The second and 
third columns of Table 5.1 show the randomly generated values of al and a2, respectively. For 
each pair of as (i. e. each member of the population) Eqn 5.56 is evaluated and matrix Q is 
obtained. Then, the number of positive eigenvalues of matrix Q for each member will be the 
fitness value for that member. In order to check the positiveness of an eigenvalue, a small 
positive value `t' is chosen and if the eigenvalue is larger than t, then it is considered as positive. 
Since, the elements of matrix Q may be very large numbers or very small numbers, then there 
Sana S. El-lishani 187 
Chapter 5 Stability of Pin jointed Assemblies PhD Thesis 
should be a dynamic way of defining the tolerance t. In a manner similar to that described in 
Section 4.2.2, the tolerance t is chosen as: 
t= If (*10-4 
where f is the largest (absolute value) entry in the matrix. The fourth column of Table 5.1 shows 
the fitness values of the members of the population. The target of the genetic algorithm for this 
problem is to find at least one pair of as for which all the eigenvalues of matrix Q are positive. 
For the example under consideration, the total number of eigenvalues of matrix Q is 3, which is 
equal to the order of the matrix. Therefore, the procedure of the genetic algorithm, here, 
maximises the number of positive eigenvalues as the process carries on. 
Table 5.1 Original population generated randomly (for the example of Fig 5.17) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of az 
Number of 
positive 
eigenvalues 
1 -0.936512 0.034537 1 
2 0.470374 -0.430130 2 
3 0.807830 -0.803081 1 
4 0.625927 -0.049417 2 
5 -0.547556 -0.771228 0 
6 -0.031147 0.505610 2 
7 -0.209112 -0.551039 0 
8 0.680783 -0.072032 2 
9 -0.636196 -0.552313 0 
10 -0.732241 -0.775769 0 
2. Pairing 
At this stage the members of the population are chosen to act as parents (see Chapter 3 Section 
3.5). For example, in choosing the first parent, consider the case in which the chosen two 
members are members 1 and 4. Comparing the fitness values of these two members leads to 
choosing member 4 to act as the first parent where this member has a greater fitness value. Also, 
assume that the other two randomly chosen members are 9 and 10. Here, the fitness value of both 
members is the same, therefore, either of them may be chosen to act as the second parent, say, 
member 9. That is, the parents are members 4 and 9. 
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3. Mating 
The mating process for the chosen parents leads to two new children (see Chapter 3 Section 3.6). 
Table 5.2 shows the parents and the children produced. 
Table 5.2 The first parents and their children 
Description value of al value of a2 
No. of +ve 
eigenvalues 
Parentl 0.625927 -0.049417 2 
Parent2 -0.636196 -0.552313 0 
Childl 0.884593 2.39e-7 2 
Child2 -0.728342 -1.000000 1 
4. Replacement 
The two new children are replacing two members of the initial population that have the lowest 
fitness values. Table 5.3 shows the initial population with the two new members. 
Table 5.3 Initial population with the two new members (for the example of Fig 5.17) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of a2 
No. of +ve 
eigenvalues 
1 -0.936512 0.034537 1 
2 0.470374 -0.430130 2 
3 0.807830 -0.803081 1 
4 0.625927 -0.049417 2 
5 0.884593 2.39e-7 2 
6 -0.031147 0.505610 2 
7 -0.728342 -1.000000 1 
8 0.680783 -0.072032 2 
9 -0.636196 -0.552313 0 
10 -0.732241 -0.775769 0 
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5. Termination 
The process of the genetic algorithm is carried out in an iterative manner. As it has been 
explained in Chapter 3 Section 3.8, when the number of the produced children reaches the size of 
the population, then one generation is completed. Table 5.4 shows the population after one 
generation. It can be noticed from the table that the fitness values are generally improved. For 
example, in the initial population four members have fitness values equal to zero but after one 
generation only two members have fitness value zero. 
The convergence criterion for this problem is that all the eigenvalues of matrix Q (Eqn 5.56) are 
positive. That is, when the fitness value is 3, the genetic algorithm process terminates and the 
obtained pair of as can be the required set to obtain the positive definite matrix Q. However, if 
no such set of as exist, then the process terminates if the criterion 
abs 
f; 
ý 
f; 
is satisfied successively for a number of times (see Section 3.8 and Eqn 3.4). Also, the 
maximum number of generations is another criterion that can be used for termination. 
Table 5.4 Population after one generation (for the example of Fig 5.17) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of a2 
No. of +ve 
eigenvalues 
1 -0.749931 -0.499985 0 
2 0.470374 -0.430130 2 
3 0.807830 -0.803081 1 
4 0.625927 -0.049417 2 
5 0.884593 2.39e-7 2 
6 -0.031147 0.505610 2 
7 0.636827 -1.000000 1 
8 0.680783 -0.072032 2 
9 0.606651 -0.953125 1 
10 -1.000000 -0.492187 0 
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For the example under consideration the process of the genetic algorithm converges in the 9th 
generation. Table 5.5 shows the best fitness value obtained at each generation. In the 9t' 
generation, the required fitness value is achieved and a set of as that satisfies Eqn 5.52 is 
obtained. The values of as are: 
ai = 0.434081576 and a2 = 0.500061036 
Also, the corresponding eigenvalues for the above set of as are: 
%I = 0.934143, X2 = 0.588197, X3 = 2.214231 
The genetic algorithm gave a solution for the problem of Eqn 5.52. This implies that the 
assembly can be stabilised with a linear combination of the states of self-stress. This result 
agrees with the result obtained in Section 5.3.3.2. In fact, the problem of Fig 5.17 is rather simple 
and the genetic algorithm may obtain the required fitness value from purely random values. In 
other words, a set of as that results in a positive definite matrix Q may be achieved from the 
random choice of members for the initial population. This comes from the fact that any set of 
positive os may satisfy Eqn 5.52, that is, by tensioning the top and bottom parts of the assembly. 
Table 5.5 Best fitness values for 9 generations 
Generation 
number 
Fitness value 
1 2 
2 2 
3 2 
4 2 
5 2 
6 2 
7 2 
8 2 
9 3 
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5.4.2.1.2 Example 2 
Consider the assembly of Fig 5.18. This pin jointed assembly consists of 7 bars connected by 8 
joints. Four of the joints are constraints, as can be seen from the figure. Using the same 
procedure explained for the example of Fig 5.17 (see Section 5.3.3.2), it has been found that the 
assembly has two independent states of self-stress as: 
ti ti 0 
t2 -2 t2 0 
t3 0 t3 0 
T1= t4 = 1 T2 = t4 = 0 
t5 0 ts -1 
t6 0 t6 -0.5 
t, 0 t, 1 
Also, the assembly has three independent mechanisms, which represent the left null space of A 
as: 
Im 
01000100 
Ain= 00010000 
00000001 
Y 
m 1n 4ij 
_ý X 2 
3 
5 6 
okP7L 
Im Im Im Im 
Fig 5.18 Pin jointed assembly in a plane 
Using Eqn 5.48, matrices Q, and Q2 of the system under the first and second states of self-stress, 
respectively, can be found as follows: 
Sine the product forces for the first state of self-stress P1 (see Eqn 5.39) are 
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PI _ hl Pl2 Pis] = 
and since 
000 
-3 20 
000 
2 -1 0 
000 
000 
000 
000 
1A, 
 01000100 
A b, =A 1ii2 =00010000 
[AJj Lo 0000001 
therefore 
01000100 
Q1=AinP1= 00010000 
00000001 
000 
-3 20 
000 
2 -1 0 
000 
000 
000 
000 
320 
=2 -1 0 
000 
Also, the product forces of the second state of self-stress P2 (see Eqn 5.39) are 
PZ = IP 21 P22 P23} = 
and therefore, 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
-1.5 0 0.5 
0 0 0 
0.5 0 0.5 
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01000100 
Q2=AiP2= 00010000 
00000001 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
0 0 0 
-1.5 0 0.5 
0 0 0 
0.5 0 0.5 
-1.5 0 0.5 
=000 
0.5 0 0.5 
For the whole assembly under any state of self-stress the matrix Q can be written as: 
Q=a, Qi+aiQ2 
-3 20 -1.5 0 0.5 
Q=at 2 -1 0 +a2 000 5.57 
000 0.5 0 0.5 
The genetic algorithm is applied to solve the problem of finding a positive definite matrix Q 
defined by the above equation. 
1. Initiating population 
An initial population of ten members is generated as shown in Table 5.6. For each pair of as Eqn 
5.57 is evaluated. Then, the solution of eigenvalues of each obtained matrix Q is carried out. 
Here, the number of the positive eigenvalues for matrix Q of each member is taken as a fitness 
value of that member. The number of eigenvalues for matrix Q of Eqn 5.57 is 3, therefore, the 
required fitness value is 3. 
2. Evolution cycle 
In choosing the first parent of the first evolution cycle, assume the two selected members are 
members 7 and 10. Here, the fitness values of both members are the same, therefore, either of 
them may be chosen to act as the first parent, say that member 10 is the chosen one. Also, for the 
second parent, assume the other two chosen members are 1 and 4. Comparing the fitness values 
of these two members leads to choosing member 1 to act as the second parent, where this 
member has a greater fitness value. That is, the parents are members 1 and 10. Table 5.7 shows 
in bold the new children, which are produced from the chosen parents after the processes of 
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mating and replacement occur (see Chapter 3 Sections 3.6 and 3.7). After a number of iterations 
equal to the size of the population, the first generation is completed as shown in Table 5.8. This 
table revealed that the fitness values of the members at this stage apart from that of the 2nd 
member are all equal to 2. 
Table 5.6 Original population generated randomly (for the example of Fig 5.18) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of a2 
No. of +ve 
eigenvalues 
1 -0.927152 -0.646268 2 
2 0.174339 0.115428 1 
3 -0.002554 -0.927894 2 
4 0.891288 -0.127215 1 
5 -0.109054 -0.878525 2 
6 0.637337 -0.272409 1 
7 -0.374558 0.797205 2 
8 0.620899 -0.550600 1 
9 0.058467 0.654717 1 
10 -0.167123 -0.832453 2 
3. Termination 
The genetic algorithm process carries on for a number of generations, where for each generation 
the best fitness value is equal 2. In fact the algorithm does not converge to the desired solution, 
which is a fitness value equal to 3. Here, the process terminates when no better fitness value is 
expected to be obtained. That is, the genetic algorithm terminates when the termination criterion 
explained in the previous example is satisfied. Here, the termination took place after 30 
generations showing a best fitness value equal to 2. 
The genetic algorithm could not find a solution for the problem of Fig 5.18, since the condition 
of obtaining a positive definite matrix Q of Eqn 5.57 could not be satisfied. For this problem the 
genetic algorithm was run for several times for a larger population size equal to 100 and a 
maximum number of generations equal to 1000. The result was the same as that obtained from 
the first run, which is a maximum fitness value equal to 2. Hence, the genetic algorithm showed 
that no positive definite matrix Q of Eqn 5.57 exists. 
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Table 5.7 Initial population with the two new members (for the example of Fig 5.18) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of a2 
No. of +ve 
eigenvalues 
1 -0.927152 -0.646268 2 
2 0.174339 0.115428 1 
3 -0.002554 -0.927894 2 
4 0.891288 -0.127215 1 
5 -0.109054 -0.878525 2 
6 0.637337 -0.272409 1 
7 -0.374558 0.797205 2 
8 -0.875000 -1.000000 2 
9 -0.740234 -0.976562 2 
10 -0.167123 -0.832453 2 
Table 5.8 Population after one generation (for the example of Fig 5.18) 
Member number 
Randomly generated 
value of al 
Randomly generated 
value of a2 
No. of +ve 
eigenvalues 
1 -0.997986 -0.981438 2 
2 -0.875000 -0.281248 1 
3 -0.002554 -0.927894 2 
4 -0.740234 -0.976562 2 
5 -0.109054 -0.878525 2 
6 -0.994873 -0.726486 2 
7 -0.374558 0.797205 2 
8 -0.999962 -1.000000 2 
9 -1.000000 -1.000000 2 
10 -0.167123 -0.832453 2 
The result of the genetic algorithm for the problem of Fig 5.18 agrees with the result obtained by 
Calladine and Pellegrino using their routine for the same assembly [19]. It can be concluded that 
the assembly of Fig 5.18 cannot be stabilised under any combination of its independent states of 
self-stress. 
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The genetic algorithm showed how powerful it is in solving problems such that of Eqn 5.52. 
Using the genetic algorithm here does not have complications or many conditions involved. One 
of the main interesting points about using the genetic algorithm procedure for the problem of 
Eqn 5.52 is that the algorithm is based on finding if a positive definite matrix Q exists without 
involving Eqn 5.52. In fact, as has been mentioned before that finding a set of os that identifies a 
positive definite matrix Q can be a solution for Eqn 5.52 without involving the equation itself. 
That is, using the genetic algorithm in this problem avoids involving n inequalities of Eqn 5.54 
and the participation of the [ s. 
5.5 SPJS Program 
In this chapter, a program is developed to carry out a mechanical analysis for pin jointed 
assemblies. This analysis initially finds the four subspaces for a pin jointed assembly starting 
with constructing the equilibrium matrix of the assembly. The program then finds the number of 
mechanisms and states of self-stresses in the assembly and identifies vectors representing any 
existing mechanisms and states of self-stress. Then as the sequel, the program finds the product 
forces for each state of self-stress in the assembly. After that, the program finds Q; matrices for i 
number of states of self-stress that exist in the assembly. At this stage of the program the genetic 
algorithm is used to identify a positive definite matrix Q defined by a set of as in the relation 
Q=±a1Q1 5.58 
If a set of as that result in a positive definite matrix Q exist, then Eqn 5.52 can be satisfied using 
that set of as. Therefore, a combination of the states of self-stress in the pin jointed assembly 
may stabilise all the mechanisms of that assembly. On the other hand, if no solution can be 
found, that is, the solution of the genetic algorithm shows that no positive definite Q matrix 
exists, then Eqn 5.52 cannot be satisfied. Therefore, in such a case, the states of self-stress in the 
assembly cannot stabilise its mechanisms. A flowchart of the SPJS program is provided in 
Appendix A. In this appendix, the flowchart is presented to describe all the main stages of the 
program, combined with some description of these stages. 
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CHAPTER 6 
New Types of Cable Domes 
6.1 Introduction 
Cable domes are interesting structures that cover large areas for different purposes in an 
economical and efficient way. This is in addition to their beauty where the combination of cables 
and struts gives them an attractive floating appearance. These lightweight structures which have 
been evolved in the recent two decades create an exciting area of research that is necessary to be 
conducted in order to explore the various possibilities for this type of structure. Basic research in 
this area is the main if not the only way to study the potential of these structures and to find ways 
of improving them. 
In this chapter a number of new types of cable domes have been developed. Developing these 
domes was possible by using the SPJS program (see Section 5.5). This program was utilised to 
investigate the stability of newly developed configurations and systems. The program is used to 
study the mechanical properties of the new types of cable domes which are major indicators to 
their initial stability and overall stiffness. The program has been used as a tool to find which of 
these new cable domes can be stabilised by one or more states of self-stress. Some of the new 
domes are kinematically indeterminate (that is, they contain mechanisms) but they can be 
stabilised by a state of self-stress. On the other hand, some of the domes developed are 
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kinematically determinate (that is, they do not contain any mechanisms) but yet at least one state 
of self-stress is required to create the tensions which are necessary for the cables to bear various 
types of loads. In this chapter, the analysis of these dome structures has been presented and the 
results are compared with existing types of domes. The new cable domes show advantages over 
the existing domes. 
6.2 Stability of Cable Domes 
The SPJS program has been used to study the mechanical behaviour of a cable dome made of 6 
ribs and one hoop cable as shown in Fig 6.1. The coordinates of a 2D cross section of this dome 
are presented in Fig 6.2. It has been found that this dome has 1 independent state of self-stress 
and 19 mechanisms. Also, the genetic algorithm showed that such a dome can be stabilised. That 
is, the state of self-stress can stabilise all the mechanisms of the structure. The Q matrix had 19 
positive eigenvalues. 
a 
Fig 6.1 Simple Geiger dome made of six ribs 
a 
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'S 
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Point\Dim x (m) y (m) 
1 3 . 0.0 
2 2 0.5 
3 1 1.0 
4 2 -0.5 
5 1 0.0 
Fig 6.2 Dimensions of the opposite pair of radial arms a-a in Fig 6.1 
The SPJS program was applied on a large Geiger dome made of 16 ribs and 3 hoops see Fig 6.3, 
Fig 6.4 and Fig 6.5 ( similar to the dome presented in Section 2.2, Fig 2.2). The coordinates of 
one sector of this dome are shown in Table 6.1. Fig 6.5 shows a script given for each element 
type of the dome for identification. The results of the SPJS program showed that the dome has 1 
state of self-stress and 113 mechanisms. Also, the state of self-stress can stabilise all of the 
mechanisms of the structure. Here, the Q matrix had 113 positive eigenvalues. 
I® 
Fig 6.3 Geiger dome 
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Fig 6.4 Plan view of the Geiger dome 
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A 
Fig 6.5 One sector of the Geiger dome 
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Table 6.1 Coordinates of one sector of the Geiger dome (Fig 6.5) 
Point'Dim x (m) y (m) z (m) 
1 2.0 0.0 8.0 
2 16.5 0.0 7.0 
3 31.0 0.0 5.0 
4 45.5 0.0 2.6 
5 60.0 0.0 0.0 
6 2.0 0.0 3.0 
7 16.5 0.0 0.5 
8 31.0 0.0 -1.5 
9 45.5 0.0 -3.9 
The Levy dome has also been studied, where it represents another type of cable dome that has 
been evolved after the Geiger dome. This type of cable dome was presented by Matthys Levy. It 
uses the same concept of David Geiger (used in Geiger dome) but the straight ridge cables have 
been changed to triangulated shape assemblies as shown in Fig 6.6. Also, Fig 6.8 shows one 
sector of the Levy dome and Table 6.2 shows the coordinates of this sector. Such an arrangement 
increased the overall stiffness of the structure as it will be seen from the mechanical properties of 
this type of cable dome and from its structural analysis. The Levy dome of Fig 6.6 consists of 16 
sectors and 3 hoops. Using the SPJS program, it shows that this dome has 17 states of self-stress 
and only 1 mechanism. Also, the states of self-stress can stabilise this mechanism. The genetic 
algorithm showed that the eigenvalue of the Q matrix is positive. 
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Fig 6.8 One sector of the Levy dome 
Table 6.2 Coordinates of one sector of the Levy dome (Fig 6.8) 
Point\Dim x (m) y (m) z (m) 
1 2.00 0.00 8.00 
2 16.50 3.24 7.00 
3 31.00 0.00 5.00 
4 45.50 8.93 2.60 
5 60.00 0.00 0.00 
6 2.00 0.00 3.00 
7 16.50 3.24 0.50 
8 31.00 0.00 -1.50 
9 45.50 8.93 -3.90 
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It is important to mention that changing the dimensions of any assembly significantly, or the 
number of elements or joints, will change its mechanical properties. 
6.3 Structural Analysis of Cable Domes 
The Geiger and Levy domes discussed in the previous section have been analysed using the 
ANSYS analysis package [38]. Geometrically nonlinear analysis has been carried out due to the 
kinematic nature of the behaviour of these types of domes. It should be mentioned that the main 
aim of conducting structural analysis in this chapter is to investigate the behaviour of these types 
of domes and to study the feasibility of new proposed types. The aim is also to study the 
behaviour of different types of cable domes under various types of loads. By carrying out the 
analysis and carefully studying and interpreting the results, one can make a comparison between 
the behaviour of various types of cable domes and find ways of improving them. 
For the analysis of the first cable dome in this chapter full details will be shown and presented 
starting from calculating the general loads acting on the cable dome and modelling the structure, 
to the running of different stages of the analysis and obtaining the results. Also, it should be 
mentioned that since the aim of the analysis is to study the general behaviour and the structural 
feasibility, only the structural nets of the domes are modelled and any secondary members or 
cladding will not be included. In addition, as far as the type of analysis is concerned, only 
geometric nonlinearity of the structure is considered and any material nonlinearity is not 
included. Also, any type of instability other than the static instability is not included and is 
beyond the scope of the analysis conducted in this research. 
6.3.1 Analysis of the Geiger Dome 
Consider the dome shown in Fig 6.3 and its coordinates as illustrated in Fig 6.5 and Table 6.1. 
The dome has a span (1) of 120m and height (h) of 8m. The dimensions are considered as the 
initial dimensions before any prestressing of the cables. However, the actual dimensions of the 
dome are obtained after applying prestressing and self-weight, which can only be found after 
running the analysis. 
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6.3.1.1 Loads 
The loads acting on the dome are calculated based on Eurocode 1 which relates to the basis of 
design and actions on structures. The main loads that are considered in the analysis are 
" Self-weight 
" Prestress 
" Snow Load 
" Wind Load 
The first two types of loading will be discussed later in the following sections. However, the 
steps followed to obtain each of the snow and wind loads from EurocodeI are presented below. 
6.3.1.1.1 Snow Loads 
Using Eurocode I- Part 2.3-Section 7.3 [48], the snow loads on a roof can be determined from: 
S=µ; Cc Ct Sk 6.1 
where 
Ili is the snow load shape coefficient 
Cc is the exposure coefficient, which usually has the value of 1.0 
Ct is the thermal coefficient, which usually has the value of 1.0 
Sk is the characteristic value of the snow load on the ground [kN\m2] 
The loads are assumed to act vertically and shall refer to a horizontal projection of the area of the 
roof. 
0) 
ai) 
_____________ 
- IL 
I2 
Note I1sI 
h 
a"6+ß' 
Fig 6.9 Snow load shape coefficients (Eurocode1-Part 2.3 Fig 7.5) 
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Fig 6.9 is taken from Eurocodel-Part 2.3. This figure shows that the snow load shape 
coefficients reflect the distribution shapes of snow load on the structure. Fig 6.9 (i) relates to the 
case of uniform snow load and its snow load shape coefficient is µi. While Fig 6.9 (ii) relates to 
the case of unbalanced snow load and its snow load shape coefficients are µ2 and µ3. It should be 
mentioned that so far there are no specifications of snow loading written for domes, therefore, it 
is normal to use the specifications of snow loads applied on barrel vault roofs as an 
approximation. For unbalanced snow loads the values of µ2 and µ3 are applied as constant values 
through each half of the dome. 
The snow load shape coefficients are determined as follows: 
For the cable dome under consideration 
1=120m, h= 8m, tan(B) = Fýl = 
60 
= 0.133, B=7.60° 
ccording to the Eurocode 1-Part 2.3, for B: 5 60° A 
µ, = 0.8 
µ2 = 0.2 + 10 * h/1 with the restriction that µ2 S 2.0 
=0.2+ 10 * 8/120=0.87 
µ3 = 0.5 µ2 = 0.5 * 0.87 = 0.435 
The value of Sk is calculated based on the conditions of areas around London, UK. Therefore, 
from Ed-Part 2.3-A. 18, Sk is calculated as: 
Sk - Sb + (O. 1 * Sb + 0.09) (A -100) / 100 (kN/m2) 
Sk = 0.5 + (0.1 * 0.5+0.09)(200-100)/100=0.64kN/m2 
where 
Sb is the basic snow load on the ground, that is, the load intensity of undrifted snow 
in a sheltered area at an assumed ground level datum of 100m above the mean sea 
level which is equal to O. S. 
A is the altitude of the area where the structure is built. 
Then, from Eqn 6.1, there will be three S values corresponding to the three values of µ. 
S1=0.8 *1*1*0.64=0.512kN/m2 
S2= 0.87 *1*1*0.64 = 0.557 kN /m2 
S3=0.435* 1*1*0.64 = 0.278 kN /m2 
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6.3.1.1.2 Wind Loads 
Using Eurocode 1-Part 2.4-Section 6.2 [49], the wind loads acting on the external surfaces of a 
structure can be obtained from: 
We = Qref * C, (Ze) * Cpe 
where 
We is the wind pressure acting on the external surfaces of a structure 
grcf is the reference mean wind velocity pressure 
Ce(Zc) is the exposure coefficient 
CPC is the external pressure coefficient 
Also, 
Qrcf =P/2* Vrcf 
where 
V«f is the reference wind velocity 
p is the air density which is 1.25 kg/m3 
Here, 
Vref - CDIR * CTEM * CALT * Vrcf. O 
where 
CDIR is a direction factor to be taken as 1.0 unless otherwise specified 
CTEM is a temporary factor to be taken as 1.0 unless otherwise specified 
CALT is an altitude factor. 
Vrcf. O is the basic value of the reference wind velocity which is 22 m/s 
So, 
CALT =1+0.001A 
=1+0.001 *200=1.2 
Vrr=1 *1*1.2*22=26.4 m/s 
q«f=1.25/2 * 26.42 = 435.6 N/m2 
and 
Ce(Ze) = Cr2 (Z) * Ct2 (Z) 1+C (Z) Ct (Z 
rt) 
6.2 
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where 
Cr is the roughness coefficient of a site 
Ct is the topography coefficient which is equal to 1.0 for flat areas 
Kt is the terrain factor which is equal to 0.22 
and 
C1= Kt * ln(Z/Zo) 
that is, 
C1 = 0.22 * ln(19/0.3) = 0.913 
where 
Z is the height above the ground level assumed to be 19m 
ZO is the roughness length which is equal to 0.3 
Therefore, 
Ce(Ze) = 0.9132 * 12 
[1+ * 0.221 
'j = 2.24 0.913*1 
% r 
Aýý ih 
. 
`r.. ý . 
"g 
--e; 
r+ 
i 
t, 
+_ 
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.1 
s 
: (h/d=0) 
C(h/d: 0,5) 
B(hld: O) 
ß(h/dhO, S) 
Fig 6.10 External pressure coefficients (Eurocode 1-part 2.4 Fig 10.2.10) 
The external pressure coefficient Cj,, for domes can be calculated from Fig 6.10. Three Cpe 
values will be obtained as shown below. 
For the cable dome under consideration, from Fig 6.10: 
The height of the dome is f= 8m 
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The height of the walls is 
The span of the dome is 
h/d = 11 / 120 = 0.09 
f/d= 8/ 120=0.064 
h=Z-f=19-g= Ilm 
d=120m 
The points in Fig 6.10 that represent the situation relating to the cable dome under consideration 
are shown by three asterisks in the figure. The corresponding values are as follows: 
C, A =+0.1, C1B =-0.35, C =-0.05 
Therefore, the wind pressures acting on the surface of the dome will be divided into three areas: 
area A subjected to wind pressure of WCA, area B subjected to wind suction of WeB and area C 
subjected to wind suction of We (see Fig 6.10): 
Then from Eqn 6.2, 
WCA 435.6 * 2.24 * +0.1 = 97.57N/m2 (pressure) 
WCs = 435.6 * 2.24 * -0.35 = -341.51N/m2 (suction) 
W, = 435.6 * 2.24 * -0.05 = -48.79N/m2 (suction) 
It should be mentioned that any internal wind pressure due to openings in the structure is not 
considered in this analysis. 
6.3.1.2 Load Cases and Combinations 
A5 = 0.79m2 
1 
-0.1 
0 
E), = 3.95 
------- 0, = 9.40' 
A3 =135.24m' 
A2 = 217.80m2 
Al = 300.37m2 
Plan view 
Elevation 
------- - E), = 10.17° 
Fig 6.11 One sector of the dome surface areas and their angles of inclination 
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The loads applied to the structure are assumed to be acting directly on the nodes. In this section, 
the loads applied on each node for different load cases are calculated. To start with, the area of 
the dome surface can be divided into small areas for each sector of the dome as shown in Fig 
6.11. The surface areas A1, A2, ..., A5 shown in this figure are the horizontally projected areas of 
the roof. Below are the calculations of the various types of loads applied to the dome. 
6.3.1.2.1 Dead Load (Self-weight) 
The dead load is considered to be the self-weight of the structure. In the analysis, the self-weight 
is calculated automatically under the gravity effect using the specified dimensions and sizes of 
the members as well as the types of materials involved. However, the weight of the membrane is 
assumed to be 0.053kN/m2 (see Fig 6.12) [50]. This is calculated as follows: 
PD; =1/2 * Area; * weight of membrane for a unit of area 
where i assumes the values 1,2,3,4 and 5. 
PD! =1/2 * 300.37 * 0.053 = 7.96kN 
PD2 =1/2 * (300.37 + 217.8) * 0.053 = 13.73kN 
PD3=1/2*(217.8+135.24)*0.053=9.36kN 
PD =1/2 * (135.24 + 52.67) * 0.053 = 4.98kN 
PD5 = (1/2 * 52.67 + 0.79) * 0.053 =1.44kN 
P 
D5 PD4 
PD3 
PD2 
PD. 
Elevation 
C. L 
Fig 6.12 Distribution of the weight of the membrane 
on each sector of the cable dome 
6.3.1.2.2 Uniform Snow Load 
The live load is mainly snow load on the structure. Uniform snow load is assumed to act on each 
node of the structure. Since the load is uniform the load applied on one node will be the same as 
that applied on each symmetrically corresponding node of the cable dome, see Fig 6.13. The 
uniform snow load is calculated using the S values obtained in Section 6.3.1.1.1, as follows: 
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Pusi = 1/2 * Area; * S1 
where i assumes the values 1,2,3,4 and 5 and where S1 = 0.512 kN/m2 
Pust =1/2 * 300.37 * 0.512 = 76.89kN 
Pus2 =1/2 * (300.37 + 217.8) * 0.512 =132.65kN 
PUS3 = 1/2 * (217.8 + 135.24) * 0.512 = 90.38kN 
PUS4= 1/2 * (135.24+52.67) * 0.512=48.11kN 
Puss = (1/2 * 52.67 + 0.79) * 0.512 =13.89kN 
The uniform snow loads for a sector are shown in Fig 6.14. 
6.3.1.2.3 Unbalanced Snow Load 
One of the load cases involves the unbalanced snow load. In this case one half of the dome 
carries snow loads based on a 112 value and the other half carries snow loads based on a µ3 value, 
see Section 6.3.1.1.1, Fig 6.9 and Fig 6.15. The unbalanced snow loads can be calculated as 
follows: 
At side A: 
PNSAI = 1/2 * Areal * S3 
where i assumes the values 1,2,3,4 and 5 and where S3 = 0.278 kN/m2 
PNSAI =1/2 * 300.37 * 0.278 = 41.75kN 
PNSA2 =1/2 * (300.37 + 217.8) * 0.278 = 72.03kN 
PNS, J =1/2 * (217.8 + 135.24) * 0.278 = 49.07kN 
PNSA4 =1/2 * (135.24 + 52.67) * 0.278 = 26.12kN 
PNSM _ (1/2 * 52.67 + 0.79) * 0.278 = 7.54kN 
A node of a sector 
Symmetrically corresponding 
nodes of the other sectors 
Fig 6.13 Position of a node within a sector and its corresponding nodes 
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Puss Pus. 
PUS3 
Elevation 
C. L 
Pusz 
Puss 
Fig 6.14 Uniform snow load distribution on each sector of the cable dome 
At side B: 
PNSBi=1/2 * Area; * S2 
where i assumes the values 1,2,3,4 and 5 and where S2 = 0.557 kN/m2 
PNSBI =1/2 * 300.37 * 0.557 = 83.65kN 
PNSB2 =1/2 * (300.37 + 217.8) * 0.557 =144.3lkN 
PNSB3 =1/2 * (217.8 + 135.24) * 0.557 = 98.32kN 
PNSB4 =1/2 * (135.24 + 52.67) * 0.557 = 52.33kN 
PNSBS = (1/2 * 52.67 + 0.79) * 0.557 = 15.1 lkN 
PNSAS PNSBS 
PNSA3 
PNSA4 PNSBI PNSB3 
PNSA! 
l! 
j 
PNSB2 
PNSAI 11 
PNSBI 
11 
Side A Cl Side B 
Fig 6.15 Distribution of an unbalanced snow load on each opposite pair of sectors of the dome 
6.3.1.2.4 Unbalanced Wind Load 
The wind load is acting in an unbalanced manner perpendicular to the surface area. The wind 
loads divide the surface of the cable dome into three regions. Region A in which pressure is 
applied on the dome and regions B and C in which suction is applied on the dome, see Section 
6.3.1.1.2, Fig 6.10 and Fig 6.16. The wind load can be calculated as follows: 
At region A: 
PNWAi=1/2 * Area; * WA 
where i assumes the values 1,2 and 3 and where WCA = 0.0976 kN/m2 
PNWAI = 1/2 * 305.16* 0.0976 =14.89kN 
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PNwn2 = 1/2 * (305.16 + 220.76) * 0.0976 = 25.67kN 
PNWM =1/2 * (220.76 + 136.52) * 0.0976 =17.44kN 
At region B: 
PNWBj =1/2 * Area; * WCB 
where i assumes the values 1,2,3,4 and 5 and where WB = -0.342 kN/m2 
PNWBI = 1/2 * 305.16 * -0.342 = -52.18kN 
PNWB2 1/2 * (305.16 + 220.76) * -0.342 = -89.93kN 
PNWB3 =1/2 * (220.76 + 136.52) * -0.342 = -61.09kN 
PNWB4 =1/2 * (136.52 + 52.80) * -0.342 = -32.37kN 
Pis = (1/2 * 52.80 + 0.79) * -0.342 = -9.3OkN 
At region C: 
PNWCI =1/2 * Area; * W,, c 
where i assumes the values 1,2 and 3 and where W,, c _ -0.0488 kN/m2 
PNwcI = 1/2 * 305.16* -0.0488 = -7.45kN 
PNWC2 = 1/2 * (305.16 + 220.76) * -0.0488 = -12.83kN 
PNWC3 =1/2 * (220.76 + 136.52) * -0.0488 = -8.72kN 
Fig 6.16 shows the nodes in regions A, B and C of the applied wind load. In this figure the Top 
Tension Ring which is located in the centre has been enhanced in order to clearly show the 
applied loads. 
PN. 
Fig 6.16 Distribution of an unbalanced wind load 
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6.3.1.2.5 Prestress 
The original coordinates of the structure are given in Fig 6.5 and Table 6.1. However, the real 
coordinates of the structure are those which are obtained after prestressing the structure and the 
application of the self-weight. In the analysis, the prestress forces in the model were applied as 
initial strains as will be shown later. 
The load cases considered in the analysis are [51]: 
1. Load Case 1: 1.4 * Self-weight 
2. Load Case 2: 1.6 * Uniform snow load 
3. Load Case 3: 1.6 * Unbalanced snow load 
4. Load Case 4: 1.4 * Unbalanced wind load 
+ Prestress. 
+ 1.4 * Self-weight + Prestress. 
+ 1.4 * Self-weight + Prestress. 
+ 1.4 * Self-weight + Prestress. 
5. Load Case 5: 1.4 * Single concentrated load + 1.4 * Self-weight + Prestress. 
The single concentrated load is a 450 kN applied at the bottom of an outer strut. 
6.3.1.3 Pre-processing 
Building the model in the ANSYS analysis program involves the steps of generating the 
configuration of the model, element properties, material properties and meshing of the model. 
6.3.1.3.1 Generating the Configuration 
The model at this stage is presented by lines and key-points. The configuration is first generated 
using the Formian program [52]. Then this configuration is exported to the ANSYS program as 
an ASCII file. 
6.3.1.3.2 Element Codes 
There are two element codes being used in the model analysis of the Geiger dome. One element 
code represents the struts of the structure `LINK8' and the other element code represents the 
cable elements in the structure 'LINK 10'. 
" In ANSYS, LINK8 is a spar which may be used in a variety of engineering applications. 
This element can be used to model trusses, sagging cables, links, springs, etc. The three- 
dimensional spar element is a uniaxial tension-compression element with three degrees of 
freedom at each node. As in a pin jointed structure, no bending of the element is 
considered. Plasticity, creep, swelling, stress stiffening, and large deflection capabilities 
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are available. See the ANSYS theory reference [53] for more details about this element. 
In this analysis LINK8 is used for the strut elements of the dome. 
9 LINKIO is a three-dimensional spar element having the unique feature of a bilinear 
stiffness matrix resulting in a uniaxial tension-only (or compression-only) element. With 
the tension-only option, the stiffness is removed if the element goes into compression 
(simulating a slack cable condition). This feature is useful for static guy-wire applications 
where the entire guy wire is modelled with one element. LINK10 has three degrees of 
freedom at each node. No bending stiffness is included in either the tension-only (cable) 
option or the compression-only (gap) option but the bending stiffness may be added by 
superimposing a beam element with a very small cross-sectional area on a LINK10 
element. Stress stiffening and large deflection capabilities are available. See the ANSYS 
theory reference [53] for more details about this element. In this analysis LINK10 is used 
for the cable elements in the cable dome. 
6.3.1.3.3 Real Constant 
In ANSYS, `Real constant' is a name given to a data storage area containing specifications of an 
element. In this analysis, for the element codes specified above, a real constant contains the 
cross-sectional area and the initial strain of the element. For the cable dome of Fig 6.3 there are 
17 real constants that have been specified. Each of these real constants belongs to a different 
element of the structure, as shown in Table 6.3. This table contains a column for a description of 
the elements where Circular Hollow Sections (CHS) are used for struts with the number 
following CHS being the outside diameter of the element in millimetres. Also, Lang Strands 
(LS) are used for cables with the number preceding LS being the number of langstrands. 
z 
ýx 
Y 
TT- 
S1 
BT- 
i 
'j--o 
Fig 6.5(reproduced) One sector of the Geiger dome 
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Table 6.3 Description of Real constants for the model of the Geiger dome 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.00916 CHS 273mm 0.000 
2 S3 0.00916 CHS 273mm 0.000 
3 S2 0.00916 CHS 273mm 0.000 
4 SI 0.00729 CHS 219mm 0.000 
5 D4 0.00392 28 LS 0.005 
6 D3 0.00196 14 LS 0.010 
7 D2 0.00140 10 LS 0.020 
8 D1 0.00084 6 LS 0.035 
9 H3 0.00952 68 LS 0.000 
10 H2 0.00476 34 LS 0.000 
11 HI 0.00224 16 LS 0.000 
12 R4 0.00504 36 LS 0.000 
13 R3 0.00308 22 LS 0.000 
14 R2 0.00168 12 LS 0.000 
15 RI 0.00084 6 LS 0.000 
16 TT 0.00140 10 LS 0.000 
17 BT 0.00140 10 LS 0.000 
The cross-sectional areas and the initial strains are chosen based on a preliminary design. In this 
preliminary design, the starting cross-sectional areas of the elements that represent the hoop 
cables are the same. Also, the starting cross-sectional areas of the elements that represent the 
diagonal cables are the same apart from the cross-sectional areas of the first diagonal cable (D1) 
which are assumed to be relatively smaller. The same treatment is used for the initial cross- 
sectional areas for the ridge cables and the struts where the first ridge cable (R1) and the first 
strut (Si) have an initial cross-sectional area smaller than that of the rest of the ridge cables and 
struts, respectively. Then, adjustments have been made based on analysis and observation of the 
behaviour. This leads to finding the best cross-sectional areas and prestressing for the analysis 
which can be checked in any subsequent design process. Also, it should be mentioned that while 
obtaining the best cross-sectional areas required for each element type, it is necessary to make 
sure that the total number of Langstrands of any inner diagonal and ridge cables is equal to the 
number of Langstrands of the adjacent outer ridge cable. This is for constructional 
considerations, see Section 2.3.1.1. 
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6.3.1.3.4 Material Property 
In this analysis, there are two material types specified. One for the strut element which is called 
`Material 1' and the other is for the cable element which is called `Material 2'. These materials 
are considered to be linear, elastic and isotropic. 
" Material 1 has the properties: 
Modulus of Elasticity 2.1e11 N/m2 
Poisson's Ratio 0.3 
" Material 2 has the properties: 
Modulus of Elasticity 1.9e11 N/m2 
Poisson's Ratio 0.3 
6.3.1.3.5 Meshing 
Each line of the model is meshed to one element, that is, the mesh division is equal to one. The 
meshing process will transform the solid model which is made of lines and key-points to a finite 
element model which is made of elements and nodes. 
6.3.1.4 Solution 
The solution process follows the pre-processing stage where the type and options for analysis, 
specification of the load steps and solving the problem are carried out as will be shown in the 
sequel. 
6.3.1.4.1 Analysis Type 
The analysis type for this problem is static analysis and the options for analysis are: 
" Large deformation effect (NLGEOM) is considered, that is the analysis will be 
geometrically nonlinear. 
" Newton-Raphson option (NROPT): Full (NROPT, FULL). The program uses the full 
Newton-Raphson procedure, in which the stiffness matrix is updated at every equilibrium 
iteration. See the ANSYS theory reference [53] for more details. 
" Stress stiffening effect (SSTIF) is considered. The out-of-plane stiffness of a structure 
can be significantly affected by the state of in-plane stress in that structure. This coupling 
between in-plane stress and transverse stiffness, known as stress stiffening, is most 
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pronounced in thin, highly stressed structures, such as cables or membranes. That is, a 
structure that gains lateral stiffness as it is tightened is a stress-stiffened structure. 
" Equation solver (EQSLV): Automatic. ANSYS's automatic solution control activates the 
sparse direct solver (EQSLV, SPARSE) for most cases. See the ANSYS theory reference 
[53] for more details. 
6.3.1.4.2 Load Step Options 
The load step options for this analysis are chosen as follows: 
9 Automatic Time Stepping is activated. In a geometrically nonlinear analysis the loads are 
applied gradually so that an accurate solution can be obtained. Here, the loads in each 
load step are applied by using `substeps'. The substeps are points within a load step at 
which solutions are calculated and the time between each two substeps is a timestep. 
When Automatic time stepping is activated ANSYS's automatic solution control turns 
automatic time stepping on (AUTOTS, ON). An internal auto-time step scheme ensures 
that the time step variation is neither too aggressive (resulting in many 
bisection/cutbacks) nor too conservative (time step size is too small). 
9 Number of Equilibrium Iterations (NEQIT) is set to automatic. Equilibrium iterations are 
additional solutions calculated at a given substep for convergence purposes. They are 
iterative corrections used only in nonlinear analysis, where convergence plays an 
important role. ANSYS's automatic solution control sets the value of NEQIT to around 
15 to 26 iterations, depending on the problem. The idea is to employ a small time step 
with less iteration. This option limits the maximum number of equilibrium iterations 
performed at each substep (default = 25). If the convergence criteria have not been 
satisfied within this number of equilibrium iterations, then the analysis will terminate. 
" Convergence Criteria is set to automatic. The program will continue to do equilibrium 
iterations until the convergence criteria [CNVTOL] are satisfied (or until the maximum 
number of equilibrium iterations is reached [NEQIT]). ANSYS's automatic solution 
control uses force check with tolerance (TOLER) equal to 0.5%, a setting that is 
appropriate for most cases. Generally, a displacement check with tolerance equal to 5% is 
also used in addition to the force check. The check on the displacements serves as a 
double check on convergence. 
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By default, the program will check for force convergence by comparing the square root 
of the sum of the squares (SRSS) of the force imbalances against the product of 
VALUE*TOLER. Here, VALUE is the SRSS of the applied loads or MINREF 
(Minimum Reference Value, which defaults to 0.001), whichever is greater. 
. Writing Load Step Files (LSWRITE): In this section, each load case from those presented 
in Section 6.3.1.2 is written as one or more Load steps as will be discussed in the 
following section. 
" Reading Load Step Files (LSREAD): The load steps can be read into the model if 
necessary. In fact, this depends on the manner of running the analysis as will be shown in 
the following section. 
6.3.1.4.3 Solving 
" Using the Multiple SOLVE Method: This method is straightforward. It involves issuing 
the SOLVE command after each load step is defined. The main disadvantage, for 
interactive use, is that one has to wait for the solution to be completed before defining the 
next load step. 
" Using the Load Step File Method: The load step file is a convenient method to use. It 
involves writing each load step to a load step file (LSWRITE) and reading in each file 
and obtaining the solution. To solve multiple load steps, one can issue the load step solve 
command (LSSOLVE). LSSOLVE is actually a macro that reads in the load step files 
sequentially and initiates the solution for each load step. 
In the analysis of the current example, the load step file method is used. The analysis is run for 5 
times. Since the analysis is geometrically nonlinear, the loads cannot be superimposed. 
Therefore, in each load case (Section 6.3.1.2) the load step file which includes the self-weight 
and the prestress will be run first as load step 1. The program will then automatically update the 
geometry to run the following load steps as shown below: 
" Load step file 1 (LS 1) contains the self-weight and prestress. 
" Load step file 2 (LS2) contains uniform snow load. 
" Load step file 3 (LS3) contains unbalanced snow load. 
Load step file 4 (LS4) contains unbalanced wind load. 
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" Load step file 5 (LS5) contains a point load. 
Each execution of the program will include two load step files apart from the first run: 
" The first run includes load case 1 (LS 1) 
" The second run includes load case 2 (LS 1+ LS2) 
" The third run includes load case 3 (LS 1+ LS3) 
" The fourth run includes load case 4 (LS 1+ LS4) 
" The fifth run includes load case 5 (LS 1+ LS5) 
6.3.1.5 Post-processing 
The results of the analysis include five sets of results for the five load cases. In this section, some 
of the results are presented. The results which are most interesting for this research are the nodal 
displacements and the element internal forces. The nodal displacements give the deformations 
for each load case. In fact, the deformations at each substep can be obtained but the most 
important deformations are those of the last substep of each load case. Also, the element internal 
forces are represented as axial forces where the axial stresses are the' main forces to be 
considered in pin jointed structures. 
Table 6.4 shows the displacements of the Geiger dome for load case 1. Prestressing the structure 
together with the effect of self-weight, the structure will assume a new shape due to the 
displacements. This new shape will give the structure new coordinates which will be the 
coordinates used for all subsequent analysis. Table 6.4 shows the displacements in the X, Y and 
Z directions. A vertical displacement is represented by a displacement in the Z direction, and any 
lateral displacement is represented in X or Y directions. In this section, the displacements are 
shown for two opposite pairs of sectors of the dome as shown in Fig 6.17. 
Tables 6.5 and 6.6 show the nodal displacements for the load cases 2 to 5. The displacements 
shown in these tables are calculated based on the new coordinates of Load case 1. It can be seen 
that the maximum deflection is 1098mm downwards, this occurs at node 32 at the top of the 
third outer strut of the dome under load case 3 which is the unbalanced snow load. Also, the 
maximum lateral displacement is 679.5mm (X = -677mm, Y= 58), this occurs at node 28 also 
due to load case 3 which represents the unbalanced snow load. 
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Table 6.4 Nodal displacements of the Geiger dome under load case 1 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 8 1423 
8 -8 0 1423 
12 0 -8 1423 
16 8 0 1423 
20 0 -141 -113 
24- 141 0 -113 
28 0 141 -113 
32 -141 0 -113 
36 0 -141 -397 
40 141 0 -397 
44 0 141 -397 
48 -141 0 -397 
52 0 -79 -241 
56 79 0 -241 
60 0 79 -241 
64 -79 0 -241 
Z 
Fig 6.17 Two opposite pairs of sectors of the Geiger dome with their top node numbers 
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Table 6.5 Nodal displacements of the Geiger dome under Load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -8 -726 5 -15 -601 
8 8 0 -726 8 0 -524 
12 0 8 -726 3 -5 -649 
16 -8 0 -726 -11 1 -721 
20 0 -41 -692 -278 -21 -443 
24 41 0 -692 -36 56 -68 
28 0 41 -692 -677 58 -748 
32 -41 0 -692 -113 119 -1098 
36 0 -54 -550 -274 -26 -308 
40 54 0 -550 -26 53 38 
44 0 54 -550 -651 68 -644 
48 -54 0 -550 -118 112 -971 
52 0 -37 -295 -133 -18 -152 
56 37 0 -295 -9 25 23 
60 0 37 -295 -296 45 -353 
- 64 
T- 
-37 0 -295 -70 51 -525 
Table 6.7 shows the axial forces for different parts of the dome (see Fig 6.5) for each load case. 
This table shows the maximum and minimum internal forces for each type of the elements. The 
presence of maximum and minimum occurs mainly in the cases of unbalanced loads which are 
load cases 3 to 5. It can be seen from Table 6.7 that the highest tensions in the dome are in the 
outer hoop cables. The tension reaches a maximum of 6868kN at load case 2 which is due to 
uniform snow loads (the ultimate capacity of this cable element is 17680kN). Also, the minimum 
tension in a cable is 2kN which occurs at Ri (1St ridge cable) under load case 2. On the other 
hand, for the compression members the maximum compression is -803kN in S4 under load case 
3 (the capacity of this element before any buckling of the element occurs is -1398kN). More 
detailed discussion about the results of the analysis of this dome is given later where these results 
are compared with the results of the analysis for other types of cable domes. 
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Table 6.6 Nodal displacements of the Geiger dome under Load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 2 5 368 -2 -2 -17 
8 -5 0 351 -15 0 -29 
12 2 -5 368 -2 2 -17 
16 6 0 370 -1 0 -10 
20 132 36 419 14 1 1 
24 3 0 177 2 0 -139 
28 132 -36 419 14 -1 1 
32 23 0 341 8 0 39 
36 191 66 481 27 6 35 
40 39 0 -147 30 0 -324 
44 191 -66 481 27 -6 35 
48 10 0 153 13 0 76 
52 147 57 352 38 13 77 
56 32 0 -181 98 0 -734 
60 147 -57 352 38 -13 77 
64 6 0 57 17 0 101 
6.3.2 Analysis of the Levy Dome 
In this section, the analysis of the Levy dome (Fig 6.6) is discussed. This analysis follows the 
same steps as those presented for the case of the Geiger dome in Sections 6.3.1.1 to 6.3.1.4. 
Since the overall dimensions and proportions of the plan and elevation of the Levy dome are the 
same as those of the Geiger dome and since the number of sectors and nodes in both of the 
domes are the same, the loads for the Levy dome will be the same as those for the Geiger dome. 
However, the self-weight of the Levy dome may be different from that of Geiger dome. Table 
6.8 shows the real constants described for the Levy dome. 
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Table 6.7 Element forces for the load cases 1 to 5 for the Geiger dome 
Element 
type 
LC1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
TT Max 1078 4 274 1699 1073 
Min - - 260 1676 1069 
BT Max 1200 418 640 1656 1196 
Min - - 613 1615 1194 
R1 Max 427 2 108 678 458 
Min - - 98 665 412 
R2 Max 905 172 372 1335 945 
Min - - 348 1290 900 
R3 Max 1471 671 916 1936 1498 
Min - - 873 1869 1443 
R4 Max 2417 1934 2144 2759 2417 
Min - - 2105 2674 1195 
D1 Max 475 166 259 661 485 
Min - - 240 627 463 
D2 Max 574 499 541 611 572 
Min - - 531 589 561 
D3 Max 959 1273 1250 825 956 
Min - - 1232 805 898 
F-D4 Max 1 1727 1 2768 1 2641 1 1338 1 1941 
Min - - 2594 1320 1843 
H1 Max 1424 1237 1338 1505 1422 
Min - - 1319 1484 1418 
H2 Max 2379 3157 3096 2031 2380 
Min - - 3057 2023 2371 
H3 Max 4288 6868 6544 3312 4576 
Min - - 6447 3289 4569 
S1 Max -78 -27 -45 -108 -82 
Min - - -36 -104 -78 
S2 Max -158 -142 -167 -167 -166 
Min - - -134. T -160 -155 
Continued 
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Table 6.7 continues 
Element 
type 
LC I. (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
S3 Max -265 -375 -397 -255 -282 
Min - - -329 -197 -260 
S4 Max -461 -802 -803 -381 -480 
Min - - -700 -289 -249 
Table 6.8 Description of real constants for the model of the Levy dome 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.00916 CHS 273mm 0.000 
2 S3 0.00916 CHS 273mm 0.000 
3 S2 0.00916 CHS 273mm 0.000 
4 S1 0.00729 CHS 219mm 0.000 
5 D4 0.00196 14 LS 0.005 
6 D3 0.00098 7 LS 0.015 
7 D2 0.00070 5 LS 0.030 
8 DI 0.00042 3 LS 0.040 
9 H3 0.00952 68 LS 0.000 
10 H2 0.00476 34 LS 0.000 
11 H1 0.00224 16 LS 0.000 
12 R4 0.00252 18 LS 0.000 
13 R3 0.00154 11 LS 0.000 
14 R2 0.00084 6 LS 0.000 
15 R1 0.00042 3 LS 0.000 
16 TT 0.00140 10 LS 0.000 
17 BT 0.00140 10 LS 0.000 
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Z 
y 
Si 
9 
Fig 6.8(reproduced) One sector of the Levy dome 
Table 6.9 Nodal displacements of the Levy dome under load case 1 
5 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 6 2050 
8 -6 0 2050 
12 0 -6 2050 
16 6 0 2050 
20 37 -184 305 
24 184 37 305 
28 -37 184 305 
32 -184 -37 305 
36 87 -210 -307 
39 228 0 -307 
43 0 228 -307 
47 -228 0 -271 
52 28 -141 -271 
56 141 28 -271 
60 -28 141 -271 
64 -141 -28 -271 
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The results of the analysis of the Levy dome are presented in this section. Table 6.9 shows the 
displacements of two opposite pairs of the dome, see Fig 6.18. It can be seen from the table that 
due to prestressing, the structure will assume a new shape. The new coordinates represent the 
final shape of the structure after construction where only prestress and self-weight are present. It 
can be noticed from Table 6.9 that the crown of the dome has undergone the largest displacement 
which is 2050mm. Tables 6.10 and 6.11 show the nodal displacements for the load cases 2 to 5. 
The displacements in these load cases are measured from the new coordinates of the structure. It 
can be noticed that the largest vertical displacement of the structure is 812mm downwards which 
occurs under load case 3 and the largest lateral displacement is 84mm (X = -82mm, Y= -16mm) 
which occurs due to load case 3 (as indicated in bold in Table 6.10). 
Table 6.10 Nodal displacements of the Levy dome under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -6 -677 -13 -4 -544 
8 6 0 -677 -10 1 -481 
12 0 6 -677 -16 8 -481 
16 -6 0 -677 -20 1 -622 
20 -33 -34 -657 11 -18 -481 
24 34 6 -657 -25 -5 -259 
28 33 34 -657 0 39 -588 
32 
-34 -6 -657 -82 -16 -812 
36 17 -42 -537 13 -22 -350 
39 44 0 -537 -7 -1 -206 
43 0 44 -537 7 32 -396 
47 
-44 0 -573 -80 -1 -703 
52 6 -30 -291 9 -21 -207 
56 30 6 -291 5 1 -129 
60 -6 30 -291 -2 30 -273 
64 
-30 -6 -291 -46 -9 -345 
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Z 
Fig 6.18 Two opposite pairs of sectors of the Levy dome with their top node numbers 
Table 6.11 Nodal displacements of the Levy dome under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 3 4 340 0 1 -22 
8 -2 0 333 -1 0 -28 
12 3 -3 338 0 0 -24 
16 7 0 343 0 0 -19 
20 0 21 340 0 0 -22 
24 -7 -4 267 8 1 -64 
28 10 -19 336 1 1 -22 
32 26 6 351 5 1 14 
36 -11 36 340 2 0 -21 
39 5 -5 96 11 -21 -103 
43 3 -35 324 2 0 -21 
47 20 4 185 6 0 -15 
52 -4 31 232 0 7 33 
56 8 0 -2 36 7 -336 
60 6 -31 230 3 -7 33- 
64 7 2 79 1 0 1 
Table 6.12 shows the results of the axial internal forces of the elements of the Levy dome for the 
five load cases. It can be seen from the table that the largest tension is 7136kN occurring at the 
outer hoop cable (113) due to the unbalanced snow load (the ultimate capacity of this cable is 
17680kN). However, the minimum tension is 3kN occurring at the top of the dome in the first 
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ridge cable (R1) due to the uniform snow load. With respect to the compression elements of the 
structure, the maximum compression force is -921kN in the outer strut (S4) due to the 
unbalanced snow load (the buckling load for this element is -1398kN). 
Table 6.12 Element forces for the load cases 1 to 5 for the Levy dome 
Element 
type 
LC 1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
TT Max 856 140 163 1332 842 
Min - - 152 1329 840 
BT Max 1137 461 590 1500 1121 
Min - - 578 1487 1119 
R1 Max 174 3 61 277 179 
Min - - 12 264 164 
R2 Max 444 108 183 638 448 
Min - - 170 622 427 
R3 Max 913 479 601 1188 909 
Min - - 521 1088 883 
R4 Max 1883 1559 1731 2190 2073 
Min - - 1511 1944 1550 
D1 Max 230 93 137 310 230 
Min - - 110 296 223 
D2 Max 343 300 393 443 353 
Min - - 224 260 325 
D3 Max 624 790 914 659 905 
Min - - 603 387 358 
D4 Max 1263 1840 1965 1246 1644 
Min - - 1498 853 1155 
H1 Max 1571 1375 1493 1700 1571 
Min - - 1336 1555 1537 
H2 Max 2621 3319 3424 2413 2832 
Min - - 2942 2113 2465 
H3 Max 4776 6958 7136 4293 5566 
Min - - 5974 3655 4742 
Continues 
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Table 6.12 continued 
Element 
type 
LC1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
S1 Max -70 -27 -40 -92 -69 
Min - - -32 -91 -68 
S2 Max -169 -152 -173 -175 -168 
Min - - -138 -167 -164 
S3 Max -303 -409 -435 -320 -309 
Min - - -342 -289 -288 
S4 Max -563 -886 -921 -512 -614 
Min - - -730 -393 -252 
6.4 Newly Developed Cable Domes 
A number of cable domes have been developed as part of this research. The SPJS program (see 
Section 5.5) has been used as a tool to help develop these domes. It has been found that some of 
the new cable domes are kinematically indeterminate, that is, their configurations contain 
mechanisms. Other domes are stiffer and are kinematically determinate. Analysis for the new 
cable domes has been carried out and their results are compared with existing cable domes. 
6.4.1 New Kinematically Indeterminate Cable Domes 
In this section some new types of cable domes are presented together with their analysis. These 
domes are kinematically indeterminate where each dome has some mechanisms. Also, the states 
of self-stress of each dome can stabilise its mechanisms as will be shown. 
6.4.1.1 Dome A 
`Dome A' is an improved Geiger dome. It is a Geiger dome with added circumferential cables 
called `bracing cables'. Figs 6.19 and 6.20 show a perspective view and a plan view of the dome. 
Between a two successive struts on the same hoop there are two bracing cables. One cable 
connects the top of the first strut to the bottom of the second strut and the other cable connects 
the bottom of the first strut to the top of the second strut. 
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Fig 6.19 Dome A (improved Geiger dome) 
Fig 6.20 Plan view of dome A 
The SPJS program showed that this cable dome has 20 states of self-stress and 4 mechanisms. In 
comparison with the configuration of the Geiger dome, there are an extra 19 states of self-stress 
due to the existence of the bracing cables. Also, the number of mechanisms has dropped 
dramatically from 113 mechanisms in the Geiger dome to only 4 mechanisms in dome A. The 
SPJS program showed that the states of self-stress of the dome can stabilise its four mechanisms. 
Fig 6.21 shows one sector. of dome A with the element types and Table 6.13 shows the 
coordinates of this sector. 
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Fig 6.21 One sector of dome A 
Table 6.13 Coordinates of one sector of dome A (Fig 6.21) 
Point\Dim x (m) y (m) z (m) 
1 2.0 0.0 8.0 
2 16.5 0.0 7.0 
3 31.0 0.0 5.0 
4 45.5 0.0 2.6 
5 60.0 0.0 0.0 
6 2.0 0.0 3.0 
7 16.5 0.0 0.5 
8 31.0 0.0 -1.5 
9 45.5 0.0 -3.9 
6.4.1.1.1 Analysis of Dome A 
In this section the analysis of dome A has been carried out where the same steps presented in 
Sections 6.3.1.1 to 6.3.1.4 are followed. Table 6.14 shows the real constants described for dome 
A. 
The results of the analysis of dome A are presented in this section. Table 6.15 shows the 
displacements of two opposite pairs of sectors of the dome, see Fig 6.22. It can be seen from the 
table that due to prestressing, the structure will assume new coordinates. The new coordinates 
represent the final shape of the dome. It can be noticed from Table 6.15 that the top of the dome, 
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that is the top tension ring, moves upwards with maximum displacement of 1470mm. Tables 
6.16 and 6.17 show the nodal displacements for the load cases 2 to 5. It can be noticed that the 
largest vertical displacement of the dome is 821mm downwards, which occurs under the 
unbalanced snow load. The largest lateral displacement is 90mm (X = 73mm, Y= 52mm), which 
also occurs due to the unbalanced snow load as indicated in Table 6.16. 
Table 6.14 Description of real constants for the model of dome A 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.00916 CHS 273mm 0.000 
2 S3 0.00916 CHS 273mm 0.000 
3 S2 0.00916 CHS 273mm 0.000 
4 Sl 0.00729 CHS 219mm 0.000 
5 D4 0.00392 28 LS 0.005 
6 D3 0.00196 14 LS 0.010 
7 D2 0.00140 10 LS 0.020 
8 D1 0.00084 6 LS 0.035 
9 H3 0.00952 68 LS 0.000 
10 H2 0.00476 34 LS 0.000 
11 HI 0.00224 16 LS 0.000 
12 R4 0.00504 36 LS 0.000 
13 R3 0.00308 22 LS 0.000 
14 R2 0.00168 12 LS 0.000 
15 R1 0.00084 6 LS 0.000 
16 TT 0.00140 10 LS 0.000 
17 BT 0.00140 10 LS 0.000 
18 Brl 0.00056 4 LS 0.005 
19 Br2 0.00042 3 LS 0.005 
20 Br3 0.00028 2 LS 0.005 
21 Br4 0.00014 1 LS 0.005 
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Z 
Fig 6.22 Two opposite pairs of sectors of dome A with their top node numbers 
Table 6.15 Nodal displacements of dome A under load case 1 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 8 1470 
8 -8 0 1470 
12 0 -8 1470 
16 8 0 1470 
20 0 -180 -262 
24 180 0 -262 
28 0 180 -262 
32 -180 0 -262 
36 0 -165 -471 
40 165 0 -471 
44 0 165 -471 
48 -165 0 -471 
52 0 -91 -270 
56 91 0 -270 
60 0 91 -270 
64 -91 0 -270 
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Table 6.16 Nodal displacements of dome A under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -8 -701 9 -11 -562 
8 8 0 -701 14 -2 -533 
12 0 8 -701 10 6 -577 
16 -8 0 -701 4 -2 -606 
20 0 -39 -682 54 -26 -498 
24 39 0 -682 -3 -9 -289 
28 0 39 -682 54 40 -612 
32 -39 0 -682 -67 -9 -821 
36 0 -52 -538 73 -34 -368 
40 52 0 -538 2 -11 -145 
44 0 52 -538 73 52 -510 
48 -52 0 -538 -82 -11 -734 
52 0 -35 -286 78 -23 -185 
56 35 0 -286 5 -12 -64 
60 0 35 -286 78 36 -285 
64 -35 0 -286 -53 -12 -407 
Table 6.18 shows the results of the axial internal forces of the elements of dome A for the five 
load cases (see Section 6.3.1.2). It can be noticed from the table that the largest tension is 
6897kN occurring at the outer hoop cable (H3) due to the uniform snow load (the ultimate 
capacity of this cable is 17680kN). Also, the minimum tension is l7kN occurring at the top of 
the dome in the first ridge cable (R1) due to the uniform snow load. Regarding the compression 
elements of the structure, the maximum compression is -1264kN in the outer strut (S4) due to the 
uniform snow load (the buckling load for this element is -1398kN). 
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Table 6.17 Nodal displacements of dome A under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 2 307 -1 -1 -24 
8 -5 0 300 -4 0 -31 
12 0 -2 307 -1 1 -24 
16 5 0 309 -1 0 -18 
20 8 60 509 6 0 -16 
24 -47 0 416 5 0 -84 
28 8 -60 509 6 0 -16 
32 58 0 483 6 0 18 
36 0 59 421 7 2 5 
40 -15 0 139 19 0 -166 
44 0 -59 421 7 -2 5 
48 38 0 278 8 0 43 
52 -17 42 262 -33 6 35 
56 3 0 -16 44 0 -326 
60 
-17 -42 262 -33 -6 35 ýý641 
17 0 107 9 0 49 
6.4.1.2 Dome B 
Fig 6.23 shows a new cable dome called `dome B'. This system has connected struts as shown in 
the figure, where the struts are indicated by thick lines. In this system the diagonal cables are 
connected such that two cables extend from the top of each outer strut. One of these cables is 
connected to the bottom of an inner strut which is to the left of the outer strut and the other cable 
is connected to an inner strut which is to the right of the outer strut, as shown in Fig 6.23. Also, 
Fig 6.24 shows a plan view of the dome. 
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Table 6.18 Element forces for the load cases 1 to 5 for dome A 
Element 
type 
LC 1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
TT Max 998 24 210 1530 978 
Min - - 201 1527 973 
BT Max 1305 486 652 1472 1282 
Min. - - 641 1464 1280 
R1 Max 404 17 98 616 403 
Min - - 90 612 394 
R2 Max 975 257 419 1268 967 
Min - - 382 1250 951 
R3 Max 1661 886 1074 1970 1637 
Min - - 1010 1904 1623 
R4 Max 2890 2443 2568 3023 2866 
Min - - 2513 2924 2673 
D1 Max 523 200 266 595 519 
Min - - 264 584 511 
52 Max 587 530 557 574 578 
Min - - 528 568 576 
D3 Max 1038 1355 1329 881 1029 
Min - - 1268 817 1000 
D4 Max 1976 2995 2873 1555 2293 
Min - - 2761 1461 2035 
141 Max 1346 1227 1330 1288 1326 
Min - - 1179 1271 1321 
I-12 Max 2305 3112 3124 1858 2285 
Min - - 2816 1682 2256 
3 Max 4395 6897 6681 3458 5076 
Min - - 6246 2981 4510 
SI Max -337 -284 -298 -355 -336 
Min - - -292 -354 -335 
S2 Max -390 -329 -412 -447 -386 
Min - - -270 -427 , -382 
Continues 
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Table 6.18 continued 
Element 
type 
LC 1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
S3 Max -581 -671 -709 -574 -579 
Min - - -600 -494 -571 
S4 Max -908 -1264 -1221 -777 -944 
Min - - -1178 -737 -508 
Brl Max 130 129 139 131 130 
Min - - 119 130 129 
]r2- Max 158 124 190 209 159 
Min - - 70 192 153 
-gr-3 Max 308 282 378 400 312 
Min - - 197 232 281 
Br4 Max 546 572 652 663 604 
Min - - 486 429 153 
The SPJS program found that this system has 18 states of self-stress and 2 mechanisms. The 
program has shown that the structure can be stabilised where a state of self-stress that stabilises 
the two mechanisms can be found. This dome has been modelled to have the same size and 
overall dimensions of the Geiger and Levy domes as well as dome A for the sake of comparing 
the mechanical properties and the analysis results. Also, Fig 6.25 shows one sector of the dome 
and Table 6.19 shows the coordinates of this sector. It should be noticed that these coordinates 
represent the initial configuration of the dome before any application of prestressing or self- 
weight. 
6.4.1.2.1 Analysis of Dome B 
In this section the analysis of dome B has been presented. To this end, the same steps as in 
Sections 6.3.1.1 to 6.3.1.4 are followed. Table 6.20 shows the real constants described for this 
dome. 
Table 6.21 shows the displacements of two opposite pairs of sectors of the dome presented in Fig 
6.26. The new coordinates represent the final shape of the dome. Tables 6.22 and 6.23 show the 
nodal displacements for the load cases 2 to 5. It can be seen that the largest vertical displacement 
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of the structure is 1027mm downwards, which occurs under the unbalanced snow load at the top 
of the second inner strut. The largest lateral displacement is 190mm (X = 37mm, Y= 186mm), 
which occurs due to a vertical concentrated load of 630kN applied at the bottom of an outer strut. 
A unit of the dome 
Fig 6.23 Perspective view and a unit of dome B 
Fig 6.24 Plan view of dome B 
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Fig 6.25 One sector of dome B 
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Table 6.19 Coordinates of one sector of dome B (Fig 6.25) 
Point\Dim x (m) y (m) z (m) 
1 2.000 0.000 8.000 
2 16.500 0.000 7.000 
3 31.000 0.000 5.000 
4 45.500 0.000 2.600 
5 60.000 0.000 0.000 
6 2.000 -0.393 3.000 
7 2.000 0.393 3.000 
8 16.500 -3.240 0.500 
9 16.500 3.240 0.500 
10 31.000 -6.087 -1.500 
11 31.000 6.087 -1.500 
12 45.500 -8.934 -3.900 
13 45.500 8.934 -3.900 
Z 
Fig 6.26 Two opposite pairs of sectors of dome B with their top node numbers 
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Table 6.20 Description of real constants of dome B 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.01200 CHS 355.6mm 0.000 
2 S3 0.01200 CHS 355.6mm 0.000 
3 S2 0.00916 CHS 273mm 0.000 
4 S1 0.00729 CHS 219mm 0.000 
5 D4 0.00196 14 LS 0.005 
D3 0.00098 7 LS 0.010 
7 D2 0.00070 5 LS 0.030 
8 DI 0.00042 3 LS 0.040 
9 H3 0.00952 68 LS 0.000 
10 H2 0.00476 34 LS 0.000 
11 HI 0.00224 16 LS 0.000 
12 R4 0.00252 18 LS 0.000 
13 R3 0.00154 11 LS 0.000 
14 R2 0.00084 6 LS 0.000 
15 R1 0.00042 3 LS 0.000 
16 TT 0.00140 10 LS 0.000 
17 BT 0.00140 10 LS 0.000 
Table 6.21 Nodal displacements of dome B under load case 1 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 6 2100 
8 -6 0 2100 
12 0 -6 2100 
16 6 0 2100 
20 0 -176 283 
24 176 0 283 
28 0 176 283 
32 -176 0 283 
36 0 -211 -390 
Continues 
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Table 6.21 continued 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
40 211 0 -390 
44 0 211 -390 
48 -211 0 -390 
52 0 -110 -211 
56 110 0 -211 
60 0 110 -211 
64 -110 0 -211 
Table 6.22 Nodal displacements of dome B under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -6 -957 8 -10 -771 
8 6 0 -957 9 -1 -738 
12 0 6 -957 9 2 -788 
16 
-6 0 -957 2 -1 -821 
20 0 -43 -862 140 -27 -624 
24 43 0 -862 -13 -16 -384 
28 0 43 -862 143 46 -782 
32 
-43 0 -862 -86 -17 -1027 
36 0 -60 -668 91 -42 -478 
40 60 0 -668 15 -6 -310 
44 0 60 -668 90 60 -621 
48 
-60 0 -668 -85 -6 -782 
52 0 -45 -350 47 -33 -250 
56 45 0 -350 20 -3 -179 
60 0 45 -350 45 43 -328 
64 
-45 0 -350 -55 -2 -394 
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Table 6.23 Nodal displacements of dome B under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -3 494 -3 -2 -27 
8 
-12 0 486 -8 2 -33 
12 0 3 494 -3 2 -25 
16 10 0 495 -2 0 -21 
20 -1 29 498 -8 -1 -20 
24 -14 0 337 4 14 -94 
28 -1 -29 498 -8 -1 -5 
32 26 0 416 4 1 12 
36 0 58 492 -8 4 16 
40 
F 
10 0 70 20 42 -174 
44 0 -58 492 -1 -4 19 
48 12 0 198 1 -1 4 
52 
-1 45 297 4 5 25 
56 3 0 11 37 186 -262 
60 
-1 -45 297 3 -2 11 
64 10 0 89 0 0 0 
Table 6.24 shows the results of the axial internal forces of the elements of dome B for the five 
load cases (see Section 6.3.1.2). The table shows that the largest tension is 7149kN occurring at 
the outer hoop cable (H3) due to the unbalanced snow load (the ultimate capacity of this cable is 
17680kN). On the other hand, the minimum tension is 19kN occurring at the first ridge cable 
(R1) due to the uniform snow load. Also, the maximum compression is -746kN in the outer strut 
(S4) due to the unbalanced snow load (the ultimate compression force for this element before 
member buckling is -1320kN). 
6.4.1.3 Dome C 
Fig 6.27 shows another cable dome called `dome C'. Here, the struts take an inverse V shape and 
the diagonal cables are connected as shown in the figure. Also, Fig 6.28 shows a plan view of 
dome C. 
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Table 6.24 Element forces for the load cases 1 to 5 for dome B 
Element 
type 
LC1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
TT Max 804 48 190 1234 793 
Min - - 183 1227 789 
BT Max 1156 541 638 1530 1145 
Min - - 624 1496 1138 
R1 Max 319 19 84 945 319 
Min - - 73 485 311 
R2 Max 786 237 353 1117 783 
Min - - 335 1084 761 
R3 Max 1430 835 969 1786 1432 
Min - - 932 1733 1377 
R4 Max 2378 2126 2236 2583 2373 
Min - - 2122 2509 2294 
D1 Max 234 110 157 324 236 
Min - - 108 288 225 
D2 Max 346 322 340 376 373 
Min - - 314 338 303 
D3 Max 548 759 792 465 627 
Min - - 644 429 457 
D4 Max 1122 1784 1929 1096 1623 
Min - - 1397 649 979 
H1 Max 1607 1496 1528 1662 1617 
Min - - 1508 1610 1553 
H2 Max 2362 3272 3289 1963 2394 
Min - - 2912 1892 2188 
H3 Max 4406 7030 7149 3740 5380 
Min - - 5959 2953 4406 
S1 Max -34 -16 -25 -46 -34 
Min - - 1 -40 -33 
S2 Max -92 -90 -99 -99 -93 
Min - - -76 -84 -87 
Continues 
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Table 6.24 continues 
Element 
type 
LC I. (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
S3 Max -183 -277 -288 -188 -193 
Min - - -230 -104 -156 
S4 Max -410 -722 -746 -361 -464 
Min - - -586 -205 -300 
A unit of the dome 
Fig 6.27 Perspective view and a unit of dome C 
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Z 
yX 
Fig 6.29 One sector of dome C 
Table 6.25 Coordinates of one sector of dome C (Fig 6.29) 
Point\Dim x (m) y (m) z (m) 
1 2.000 0.000 8.000 
2 16.500 0.000 7.000 
3 31.000 0.000 5.000 
4 45.500 0.000 2.600 
5 60.000 0.000 0.000 
6 2.000 -0.393 3.000 
7 2.000 0.393 3.000 
8 16.500 -1.620 0.500 
9 16.500 1.620 0.500 
10 31.000 -3.044 -1.500 
11 31.000 3.044 -1.500 
12 45.500 -4.467 -3.900 
13 45.500 4.467 -3.900 
The SPJS program found that dome C has 1 state of self-stress and 81 mechanisms. The program 
has shown that the state of self-stress can stabilise all the mechanisms of the structure. Fig 6.29 
shows one sector of the dome whose coordinates are given in Table 6.25. 
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6.4.1.3.1 Analysis of Dome C 
Dome C has been analysed following the same steps as in Sections 6.3.1.1 to 6.3.1.4. Table 6.26 
shows the real constants described for this dome. 
Table 6.26 Description of real constants of dome C 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.00916 CHS 273mm 0.000 
2 S3 0.00916 CHS 273mm 0.000 
3 S2 0.00916 CHS 273mm 0.000 
4 Sl 0.00729 CHS 219mm 0.000 
5 D4 0.00196 14 LS 0.005 
6 D3 0.00098 7 LS 0.015 
7 D2 0.00070 5 LS 0.030 
8 DI 0.00042 3 LS 0.040 
9 H3 0.00952 68 LS 0.000 
10 H2 0.00476 34 LS 0.000 
11 H1 0.00224 16 LS 0.000 
12 R4 0.00252 18 LS 0.000 
13 R3 0.00154 11 LS 0.000 
14 R2 0.00084 6 LS 0.000 
15 R1 0.00042 3 LS 0.000 
16 TT 0.00140 10 LS 0.000 
17 BT 0.00140 10 LS 0.000 
Z 
u 
12 4 
Fig 6.30 Two opposite pairs of sectors of dome C with their top node numbers 
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The results of the analysis of dome C are presented in this section. Table 6.27 shows the 
displacements of two opposite pairs of sectors of the dome presented in Fig 6.30. Also, Tables 
6.28 and 6.29 show the nodal displacements for the load cases 2 to 5. In this dome the largest 
vertical displacement is 1084mm downwards occurring at the top area of the dome due to the 
effect of the unbalanced snow load. It is interesting to note that the maximum deflection under 
the concentrated load of 630kN (5t' load case) is quite high. This deflection is equal to 931mm. 
This displacement is close to the displacement of the top tension ring which is usually large due 
to the effect of the uniform snow load. Also, the largest lateral displacement is 434mm (X = 
-415, Y= -125), which occurs under load case 5 at node 36. 
Table 6.27 nodal displacements of dome C under load case l 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 6 2160 
8 -6 0 2160 
12 0 -6 2160 
16 6 0 2160 
20 0 -175 343 
24 175 0 343 
28 0 175 343 
32 -175 0 343 
36 0 -199 -280 
40 199 0 -280 
44 0 199 -280 
48 -199 0 -280 
52 0 -120 -248 
56 120 0 -248 
60 0 120 -248 
64 -120 0 -248 
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Table 6.28 Nodal displacements of dome C under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -5 -924 12 -13 -739 
8 5 0 -924 12 -2 -697 
12 0 5 -924 13 2 -760 
16 
-5 0 -924 7 -2 -801 
20 0 -43 -830 128 -25 -571 
24 43 0 -830 -23 -14 -272 
28 0 43 -830 137 49 -777 
32 43 0 -830 -96 -14 -1084 
36 0 -60 -635 124 -36 -407 
40 60 0 -635 -4 -13 -147 
44 0 60 -635 126 66 -631 
48 
-60 0 -635 -103 -13 -892 
52 0 -42 -326 90 -26 -201 
56 42 0 -326 8 -10 -81 
60 0 42 -326 89 44 -336 
64 
-42 0 -326 -61 -10 -454 
Table 6.29 Nodal displacements of dome C under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(nim) 
Disp. in Z 
(mm) 
4 0 -4 485 -4 42 -96 
8 
-13 0 474 9 11 -68 
12 0 4 485 0 5 -45 
16 10 0 486 -9 11 -64 
20 18 30 495 -136 -18 -403 
24 
-12 0 306 3 12 -25 
28 18 -30 495 1 -19 88 
Continues 
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Table 6.29 continued 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
32 27 0 409 2 7 1 
36 15 65 516 -415 -125 -931 
40 23 0 -19 -13 63 76 
44 15 -65 516 -5 -24 137 
48 13 0 189 15 40 86 
52 
-3 55 352 -61 -45 -286 
56 20 0 -100 1 43 5 
60 
-3 -55 352 -4 -7 46 
64 7 0 62 3 33 24 
Table 6.30 Element forces for the load cases 1 to 5 for dome C 
Element 
type 
LC1 (kN) LC2 (kN) LO (kN) LC4 (kN) LC5 (kN) 
TT Max 820 67 215 1253 793 
Min - - 203 1243 790 
BT Max 1177 564 668 1556 1126 
Min - - 647 1519 1122 
R1 Max 326 27 95 502 315 
Min - - 83 492 313 
R2 Max 807 260 385 1142 789 
Min - - 361 1102 774 
R3 Max 1455 878 1014 1806 1420 
Min - - 984 1750 1412 
R4 Max 2493 2288 2366 2689 2547 
Min - - 2332 2606 2518 
D1 Max 238 114 164 331 246 
Min - - 110 291 210 
D2 Max 332 313 330 345 346 
Min - - 307 326 295 
Continues 
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Table 6.30 continued 
Element 
type 
LC I (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
D3 Max 544 738 709 463 632 
Min - - 702 439 574 
D4 Max 961 1555 1535 755 1064 
Min - - 1374 696 997 
H1 Max 1594 1503 1540 1622 1581 
Min - - 1521 1620 1541 
H2 Max 2549 3461 3332 2142 2766 
Min - - 3287 2099 2706 
H3 Max 4354 7067 6800 3352 4653 
Min - - 6414 3172 4595 
Si Max -34 -16 -46 -47 -39 
Min - - 6 -41 -28 
S2 Max -85 -85 -96 -93 -93 
Min - - -72 -74 -66 
S3 Max -156 -230 -241 -143 -179 
Min - - -190 -95 -78 
S4 Max -293 -520 -523 -261 -351 
Min - - -435 -139 -305 
Table 6.30 shows the results of the axial internal forces of the elements of dome C for the five 
load cases (see Section 6.3.1.2). This table shows that the largest tension is 7067kN taking place 
at the outer hoop cable (H3) due to the uniform snow load (the ultimate capacity of this cable is 
17680kN). The minimum tension is 27kN occurring at the first ridge cable (R1) which is also 
due to uniform snow load. Also, the maximum compression is -523kN in the outer strut (S4) due 
to the unbalanced snow load (the ultimate compression force for this element before member 
buckling is -1398kN). 
6.4.1.4 Comparison of the New Domes with the Existing Domes 
In this section a comparison has been carried out between the analysis results of the new domes 
that are presented in Sections 6.4.1.1 to 6.4.1.3 with those of the Geiger and Levy domes that are 
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presented in Sections 6.3.1.5 and 6.3.2. In addition, a comparison between the mechanical 
properties of these domes has been carried out. In the figures of this section the five domes 
considered, that is, Geiger dome, Levy dome, dome A, dome B and dome C, have been denoted 
as domeG, domeL, domeA, domeB and domeC, respectively. To start with, Figs 6.31 to 6.34 
show plots of the forces in the internal and external elements of each element type for each dome 
under the five load cases. 
It can be seen that for the hoop and diagonal cables the variations in tension forces in outer 
cables due to different load cases are larger than that of internal cables. However, the variations 
in the tension forces in ridge cables due to different load cases are large for both the inner and 
outer cables. Also, with respect to the compression forces, the forces in domeA are relatively 
higher than those in the other domes. The reason is that the tensioning of the bracing cables 
imposes extra compression forces on the struts as it can be seen in Fig 6.34. 
Fig 6.35 shows the maximum vertical displacements of each dome due to unbalanced wind and 
snow loads and the concentrated load. DomeG has the largest displacement (of 1098mm) due to 
the unbalanced snow load. The vertical displacement of this dome is high in the load case of the 
unbalanced snow and concentrated load, in comparison with the displacements of domeL, 
domeA and domeB. Generally, Fig 6.35 implies that domeL, domeA and domeB have better 
stiffness than domeG and domeC in these load cases. 
With respect to the lateral displacements of the domes, Fig 6.36 shows that domeG has the 
largest lateral displacement. This dome has the least lateral stiffness among all domes under the 
worst load case which is the unbalanced snow load as it can be deduced from Fig 6.36 (where the 
lateral displacement reaches 680mm). It is interesting to find that the new domes show low 
lateral displacements. For instance, domeA which is the improved Geiger dome, showed an 
impressive increase in the lateral stiffness of the dome under all different load cases comparing 
to domeG. Generally, it can be deduced from Fig 6.36 that domeL, domeA and domeB displayed 
considerable high lateral stiffness in cases of unbalanced wind and snow loads. Also, domeL and 
domeA show higher lateral stiffness than the rest of the domes under the effect of the 
concentrated load. 
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One of the important points in studying the behaviour of cable domes under different load cases 
is the variation of forces in cables that are of the same type. These variations exist in the cases of 
unbalanced loads and concentrated loads. Fig 6.37 shows the percentage of variations of tension 
forces in the outer hoop cables and the outer diagonal cables due to the effect of the unbalanced 
wind load. This load case has been found to be the most critical for tension variations in the hoop 
and diagonal cables. It can be seen from this figure that domeL and domeB have the largest 
tension variations while domeG, domeA and domeC have less variations specially in the 
diagonal cables. However, in domeG more than 50% of the tension variations of the outer ridge 
cables take place under the effect of the concentrated load, as it can be seen from Fig 6.38. This 
figure shows that domeL has a lower percentage of tension variations (of 25%) but this 
percentage drops dramatically in the new domes to less than 7%. The new domes are much 
stiffer than domeG and domeL under this condition. In fact, there is an important consideration 
regarding the ridge cables since they are in direct contact with the cladding of the dome. Tension 
in the ridge cables has a major effect on the stiffness of the cladding. Losing this tension or 
severe tension variations in the ridge cables would create problems with the cladding part of the 
structure. Therefore, this aspect needs special consideration in studying the behaviour of cable 
domes. 
One of the most important points when considering the analysis of cable structures is to avoid 
slack cables. In fact, this situation is more likely to occur than the overstressing of cables. Slack 
cables may create a dangerous situation by affecting the stability of the cable structure. 
Therefore, it is important to study the worst loading conditions that might lead to slack cables in 
a structure. Generally, it is important to also study the possibility of some cables being slack and 
their effects on the behaviour of the structure. Fig 6.39 shows the two most critical elements of 
the domes that can easily become slack. These two elements are the top ridge and diagonal 
cables under uniform snow load. Actually, this load case has the worst effect in causing 
slackness in the cables for all of the domes. 
Fig 6.39 shows the percentage of loss in tension forces in the central ridge and diagonal cables. It 
can be seen from the figure that the worst situation is in domeG where the central ridge cables 
lose almost all of their tension forces. DomeL shows similar results but these results become 
slightly better in the cases of the new domes specially domeC where the tension losses are 91.8% 
and 52% at the central ridge and diagonal cables, respectively (as compared with 99.6% and 65% 
in the case of domeG). Generally, it can be seen from Fig 6.39 that the possibility of slack cables 
under the effect of severe uniform snow loads is critical for all of the cable domes. 
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Fig 6.40 shows the comparison of the mechanical properties of the domes where, as it can be 
seen, domeG has the worst situation regarding the number of mechanisms (113 mechanisms) and 
states of self-stress (only one state of self-stress). The number of mechanisms drops dramatically 
for domeL, domeA and domeB. DomeC has 81 mechanisms which is, nevertheless, 30% less 
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than that of domeG. The number of mechanisms involved reflects the stiffness of the structure 
under different load conditions where mechanisms decrease the stiffness, as it has been noticed 
from the analysis results. Also, the number of states of self-stress increases in the cases of 
domeL, domeA and domeB, which implies that there are more redundancies in the structures. In 
fact, even if some of the states of self-stress are local, they have their effects in increasing the 
redundancy and stiffness of the structure as a whole. 
6.4.2 A New Kinematically Determinate Cable Dome 
In this section a new cable dome is presented. This dome has no mechanisms but it has states of 
self-stress. It is important to mention that normally a state of self-stress is needed to stabilise any 
mechanisms that exist in the structure. However, a state of self-stress is still needed even if the 
structure does not posses any mechanisms. This is necessary in order to guarantee the tensions 
required for the cables under various load cases. 
6.4.2.1 Dome D 
Fig 6.41 shows a cable dome called `dome D'. Here, the struts appear in groups of four that are 
connected together in the circumferential direction. Fig 6.42 shows a plan view of the structure 
and Fig 6.43 shows the details of one sector of the dome. Table 6.31 shows the coordinates of 
one sector of the dome. 
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Fig 6.42 Plan view of dome D 
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The SPJS program found that the structure does not have any mechanisms but it has 20 states of 
self-stress. Also, a suitable combination of these states of self-stress can provide the required 
tensioning of the cables, that is, stabilise the structure by enhancing its stiffness as it will be 
shown in the analysis of the structure. 
6.4.2.1.1 Analysis of Dome D 
Dome D has been analysed following the same steps as presented in Sections 6.3.1.1 to 6.3.1.4. 
Table 6.32 shows the real constants described for this dome. 
The results of the analysis of dome D are presented in this section. Table 6.33 shows the 
displacements of two opposite pairs of sectors of the dome presented in Fig 6.44. Also, Tables 
6.34 and 6.35 show the nodal displacements for the load cases 2 to 5. For this dome, the largest 
vertical displacement of the structure is 734mm downwards taking place at the top of the third 
inner strut group due to the effect of the unbalanced snow load. Also, it can be noticed that the 
displacements of the structure due to the 5`h load case are relatively small. Under this load case 
(as it can be seen from Table 6.35) the largest vertical displacement is only 35mm. In addition, 
the largest lateral displacement of the structure is 92mm (X = 81mm, Y= -43mm) which also 
occurs due to the effect of the unbalanced snow load. 
Table 6.36 shows the results of the axial internal forces of the elements of dome D for the five 
load cases. This table shows that the largest tension is 13701kN occurring at the outer hoop cable 
(H6) due to the unbalanced snow load (the ultimate capacity of this cable is 23400kN). Also, the 
minimum tension is 28kN occurring at the first diagonal cable (D1) which is also due to the 
unbalanced snow load (the third load case). The maximum compression is -2692kN in the outer 
strut group (S7) due to the unbalanced snow load (the ultimate compression capacity for this 
element before member buckling is -3135kN). 
The analysis of dome D showed that the structure is rigid and has a high stiffness under different 
load cases where the largest vertical displacement is less than 1/160`h of the span. Also, the 
structure has a high rigidity in the lateral direction even in the case of the unbalanced snow load 
where the lateral displacement is the highest. This dome has a high stiffness under the other load 
cases specially the concentrated load. As it can be seen from Tables 6.34 and 6.35, the vertical 
displacements of the crown of the dome are small whereas this part is usually expected to have 
relatively large displacements. Also, Table 6.36 shows that the cables of the structure remain 
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under tension even for severe loads such as the unbalanced snow load. However, the overall 
tension forces in the cables are high comparing to the tensions of the cables in the previous 
domes. 
Table 6.31 Coordinates of one sector of dome D (Fig 6.43) 
Point\JDim x (m) y (m) z (m) 
1 4.00 0.00 15.00 
2 12.00 0.00 12.80 
3 20.00 0.00 10.50 
4 28.00 0.00 8.00 
5 36.00 0.00 6.00 
6 44.00 0.00 3.80 
7 52.00 0.00 2.00 
8 60.00 0.00 0.00 
9 4.00 0.63 10.00 
10 4.00 -0.63 10.00 
11 12.00 0.00 7.80 
12 20.00 0.00 5.50 
13 28.00 0.00 3.00 
14 36.00 0.00 1.00 
15 44.00 0.00 -1.20 
16 52.00 0.00 -3.00 
17 8.00 1.26 10.50 
18 8.00 -1.26 10.50 
19 16.00 2.51 8.00 
20 16.00 -2.51 8.00 
21 24.00 3.77 6.00 
22 24.00 -3.77 6.00 
23 32.00 5.03 3.80 
24 32.00 -5.03 3.80 
25 40.00 6.28 2.00 
26 40.00 -6.28 2.00 
27 48.00 7.54 0.00 
28 48.00 -7.54 0.00 
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Table 6.32 Description of real constants for the model of dome D 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S7 0.01770 CHS 457mm 0.000 
2 S6 0.01190 CHS 406mm 0.000 
3 S5 0.00916 CHS 273mm 0.000 
4 S4 0.00729 CHS 219mm 0.000 
5 S3 0.00729 CHS 219mm 0.000 
6 S2 0.00729 CHS 219mm 0.000 
7 S1 0.00729 CHS 219mm 0.000 
8 D7 0.00392 28LS 0.005 
9 D6 0.00224 16LS 0.005 
10 D5 0.00196 14LS 0.015 
11 D4 0.00168 12LS 0.015 
12 D3 0.00140 1OLS 0.050 
13 D2 0.00112 8LS 0.050 
14 D1 0.00084 6LS 0.080 
15 H6 0.01260 90LS 0.000 
16 H5 0.00980 70LS 0.000 
17 H4 0.00700 50LS 0.000 
18 H3 0.00560 40LS 0.000 
19 H2 0.00420 30LS 0.000 
20 H1 0.00224 16LS 0.000 
21 R7 0.01008 72LS 0.000 
22 R6 0.00784 56LS 0.000 
23 R5 0.00588 42LS 0.000 
24 R4 0.00420 30LS 0.000 
25 R3 0.00280 20LS 0.000 
26 R2 0.00168 12LS 0.000 
27 R1 0.00084 6LS 0.080 
28 TT 0.00140 1OLS 0.000 
29 BT 0.00140 1OLS 0.000 
Continues 
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Table 6.32 continued 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
30 Br6 0.00168 12LS 0.005 
31 Br5 0.00140 IOLS 0.005 
32 Br4 0.00112 8LS 0.015 
33 Br3 0.00084 6LS 0.015 
34 Br2 0.00056 4LS 0.050 
35 Br! 0.00028 
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Fig 6.44 Two opposite pairs of sectors of dome D with their top node numbers 
Table 6.33 Nodal displacements of dome D under load case 1 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
5 0 22 -2476 
10 -22 0 -2476 
15 0 -22 -2476 
20 22 0 -2476 
165 0 -668 -2557 
170 668 0 -2557 
175 0 668 -2557 
180 -668 0 -2557 
185 0 -647 -2547 
Continues 
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Table 6.33 continued 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
190 647 0 -2547 
195 0 647 -2547 
200 -647 0 -2547 
205 0 -609 -2487 
210 609 0 -2487 
215 0 609 -2487 
220 -609 0 -2487 
225 0 -448 -1816 
230 448 0 -1816 
235 0 448 -1816 
240 -448 0 -1816 
245 0 -286 -1219 
250 286 0 -1219 
255 0 286 -1219 
260 -286 0 -1219 
265 0 -151 -612 
270 151 0 -612 
275 0 151 -612 
280 -151 0 -612 
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Table 6.34 Nodal displacements of dome D under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
5 0 -10 -344 21 -8 -503 
10 10 0 -344 30 3 -424 
15 0 10 -344 21 21 -481 
20 
-10 0 -344 4 3 -561 
165 0 -16 -331 53 -25 -512 
170 16 0 -331 4 2 -290 
175 0 16 -331 50 23 -435 
180 
-16 0 -331 -43 2 -659 
185 0 -25 -333 81 -43 -531 
190 25 0 -333 -5 7 -220 
195 0 25 -333 79 30 -421 
200 25 0 -333 77 7 -734 
205 0 -30 -323 60 -51 -520 
210 30 0 -323 7 5 -224 
215 0 30 -323 60 36 -406 
220 -30 0 -323 -78 5 -702 
225 0 -29 -267 52 -48 -435 
230 29 0 -267 11 4 -189 
235 0 29 -267 52 34 -331 
240 
-29 0 -267 -70 4 -575 
245 0 -23 -206 37 -38 -337 
250 23 0 -206 14 3 -164 
255 0 23 -206 37 27 -252 
260 
-23 0 -206 -50 3 -424 
265 0 -15 -112 23 -24 -184 
270 15 0 -112 10 2 -93 
275 0 15 -112 23 17 -135 
280 
-15 0 -112 -30 2 -225 
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Table 6.35 Nodal displacements of dome D under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
5 1 1 291 -1 0 28 
10 
-15 0 286 -3 0 25 
15 1 -1 291 -1 0 28 
20 17 0 283 0 0 30 
165 0 15 300 0 1 28 
170 
-17 0 256 -1 0 15 
175 0 -15 300 0 -1 28 
180 17 0 247 2 0 32 
185 0 28 317 0 3 30 
190 
-21 0 242 0 0 6 
195 0 -28 317 0 -3 30 
200 19 0 228 4 0 35 
205 0 33 314 0 3 32 
210 
-19 0 215 3 0 -2 
215 0 -33 314 0 -3 32 
220 16 0 197 4 0 35 
225 1 32 264 0 3 29 
230 
-16 0 160 4 0 -9 
235 1 -32 264 0 -3 29 
240 13 0 142 3 0 29 
245 1 24 196 0 2 22 
250 
-12 0 116 3 0 -5 
255 1 -24 197 0 -2 22 
260 9 0 102 2 0 22 
265 1 15 104 -1 2 13 
270 
-7 0 60 0 0 6 
275 1 -15 104 -1 -2 13 
280 6 0 51 2 0 12 
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Table 6.36 Element forces for the load cases 1 to 5 for dome D (Fig 6.43) 
Element 
type 
LC 1 (W) LC2 (W) LO (kN) LC4 (kN) LC5 (W) 
TT Max 1457 823 612 2066 1513 
Min - - 541 2053 1512 
BT Max 1266 806 716 1707 1307 
Min - - 540 1703 1303 
R1 Max 476 269 201 676 497 
Min - - 176 670 492 
R2 Max 667 368 274 954 693 
Min - - 231 948 687 
R3 Max 1154 699 548 1593 1198 
Min - - 500 1574 1184 
R4 Max 2134 1420 1184 2795 2197 
Min - - 1107 2724 2187 
R5 Max 2831 2050 1797 3546 2905 
Min - - 1710 3449 2892 
R6 Max 4054 3138 2865 4887 4184 
Min - - 2722 4721 4115 
R7 Max 5226 4364 4131 6035 5422 
Min - - 3966 5814 5278 
Dl Max 217 138 188 295 226 
Min - - 28 289 219 
D2 Max 407 306 273 511 418 
Min - - 261 490 413 
D3 Max 760 626 592 889 775 
Min - - 564 847 763 
D4 Max 644 620 621 668 650 
Min - - 609 641 635 
D5 Max 1141 1141 1153 1154 1147 
Min - - 1140 1124 1116 
Continues 
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Table 6.36 continued 
Element 
type 
LC 1 (kN) LC2 (kN) LO (kN) LC4 (kN) LC5 (kN) 
D6 Max 1308 1417 1503 1226 1303 
Min - - 1426 1208 1259 
D7 Max 2126 2321 2474 2005 2788 
Min - - 2324 1963 2107 
H1 Max 2076 1554 1362 2555 2119 
Min - - 1349 2547 2117 
H2 Max 4003 3299 3049 4578 4059 
Min - - 3029 4538 4047 
H3 Max 3518 3423 3485 3543 3523 
Min - - 3339 3512 3498 
H4 Max 6276 6359 6603 6197 6263 
Min - - 6263 6165 6196 
H5 Max 6805 7503 8151 6361 6737 
Min - - 7486 6161 6626 
H6 Max 11241 12534 13701 10524 11791 
Min - - 12472 10116 11112 
S1 Max -74 -47 -80 -102 -77 
Min - - -1 -97 -76 
S2 Max -168 -126 -123 -213 -174 
Min -152 -112 -66 -181 -154 
S3 Max -358 -295 -287 -422 -365 
Min -300 -247 -204 -331 -302 
S4 Max -444 -437 -465 -456 -445 
Min -371 -365 -336 -357 -362 
S5 Max -783 -805 -873 -782 -781 
Min -729 -749 -689 -689 -700 
S6 Max -1279 -1447 -1637 -1195 -1276 
Min -841 -946 -877 -713 -786 
S7 Max -2067 -2370 -2692 -1944 -2053 
Min -1531 -1747 -1668 -1284 -1169 
Continues 
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Table 6.36 continued 
Element 
type 
LC 1 (kN) LC2 (kN) LO (kN) LC4 (kN) LC5 (kN) 
Brl Max 243 180 187 301 250 
Min - - 124 297 245 
Br2 Max 452 373 367 519 462 
Min - - 318 508 453 
Br3 Max 526 518 576 539 532 
Min - - 465 511 510 
Br4 Max 869 894 1025 867 887 
Min - - 798 809 824 
Br5 Max 1118 1265 1537 1089 1137 
Min - - 1130 908 1030 
Br6 Max 1720 1974 2416 1676 1984 
Min - - 1827 1408 1295 
6.4.3 Concept of a Flat Cable Roof 
In this section a concept of a flat cable roof is presented. It has been known that flat circular 
roofs like bicycle wheel-like roofs or cable-strut roofs [14] [15] can be considered as domes. In 
fact, most cable domes are rather flat as compared to conventional domes. The new concept is 
simplified by two dimensional sketches in Fig 6.45 where a simple stable configuration is 
combined with another configuration, which is unstable, to create a stable two dimensional 
configuration of a flat cable assembly. 
A has a state of self-stress 
B has a state of self-stress 
PO< A+B has a combined state of self-stress 
Fig 6.45 2D flat cable assembly 
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6.4.3.1 Dome E 
A new cable dome (dome E) has been developed based on the concept shown in Fig 6.45. A 
perspective view of the dome is shown in Fig 6.46. Also, a plan view of the dome is presented in 
Fig 6.47 and one sector of this dome is presented in Fig 6.48. The coordinates of this sector are 
given in Table 6.37. The SPJS program showed that the dome of Fig 6.46 is stable. Also, the 
dome does not have any mechanisms but it has 160 states of self-stress. 
Strut cable 
Diagonal cables 
A unit of the dome 
Fig 6.46 Perspective view and a unit of dome E 
6.4.3.1.1 Analysis of Dome E 
Dome E has been analysed following the same steps presented in Sections 6.3.1.1 to 6.3.1.4. 
Table 6.38 shows the real constants described for this dome. 
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Fig 6.47 Plan view of dome E 
Z 
yý 
L 
9 L4 
Fig 6.48 One sector of dome E 
5 
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Table 6.37 Coordinates of one sector of dome E (Fig 6.48) 
Point\Dim x (m) y (m) z (m) 
1 2.00 0.00 3.00 
2 16.50 3.24 3.00 
3 31.00 0.00 3.00 
4 45.50 8.93 3.00 
5 60.00 0.00 0.00 
6 2.00 0.00 -3.00 
7 16.50 3.24 -3.00 
8 31.00 0.00 -3.00 
9 45.50 8.93 -3.00 
Table 6.38 Description of real constants for the model of dome E 
Real 
constant 
Element 
type 
Area (m2) Description 
Initial 
strain 
1 S4 0.01240 CHS 323.9mm 0.000 
2 S3 0.01240 CHS 323.9mm 0.000 
3 S2 0.01240 CHS 323.9mm 0.000 
4 S1 0.00729 CHS 219mm 0.000 
5 B3 0.00308 22 LS 0.005 
6 B2 0.00168 12 LS 0.005 
7 BI 0.00084 6 LS 0.005 
8 R4 0.00504 36 LS 0.005 
9 R3 0.00308 22 LS 0.005 
10 R2 0.00168 12 LS 0.005 
11 R1 0.00084 6 LS 0.005 
12 TT 0.00840 60 LS 0.000 
13 BT 0.00840 60 LS 0.000 
14 D4 0.00280 20 LS 0.005 
15 D3 0.00196 14 LS 0.000 
16 D2 0.00140 10 LS 0.000 
17 D1 0.00084 6 LS 0.000 
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z 
1fl '7) 11 R to QA ,,., 
Fig 6.49 Two opposite pairs of sectors of dome E with their top node numbers 
Table 6.39 Nodal displacements of dome E under load case 1 
Node 
number 
Displacement in X 
direction (mm) 
Displacement in Y 
direction (mm) 
Displacement in Z 
direction (mm) 
4 0 12 -181 
8 -12 0 -181 
12 0 -12 -181 
16 12 0 -181 
20 2 -11 -153 
23 11 2 -153 
27 2 11 -153 
32 -11 -2 -153 
68 0 -34 -85 
72 34 0 -85 
76 0 34 -85 
80 -34 0 -85 
100 15 -74 5 
103 74 -15 5 
107 15 74 5 
112 -74 -15 5 
The results of the analysis of dome E are presented in this section. Table 6.39 shows the 
displacements of two opposite pairs of sectors of the dome presented in Fig 6.49. Also, Tables 
6.40 and 6.41 show the nodal displacements for the load cases 2 to S. The results show that the 
largest vertical displacement of the dome is 716mm, taking place at the top middle area of the 
dome due to the effect of the uniform snow load. The structure is rigid under the load cases 
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where the vertical displacement is only 1/167`h of the span of the structure. Also, the largest 
lateral displacement is 165mm (X = 4mm, Y= 165mm) which occurs due to the unbalanced 
snow load (load case 3) at the top of the first outer strut. The lateral displacement also reflects 
the high lateral stiffness of the structure. 
Table 6.40 Nodal displacements of dome E under load cases 2 and 3 
Node 
Load case 2 Load case 3 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 0 -2 -716 2 -1 -261 
8 2 0 -716 2 0 -255 
12 0 2 -716 2 1 -262 
16 
-2 0 -716 1 0 -269 
20 5 -25 -650 3 -9 -231 
23 25 -9 -650 10 -6 -222 
27 5 25 -650 4 9 -235 
32 
-25 -5 -650 -9 -2 -254 
68 0 -41 -486 1 -15 -174 
72 41 0 -486 15 0 -159 
76 0 41 -486 1 16 -181 
80 
-41 0 -486 -16 0 -196 
100 9 62 -266 4 165 -89 
103 49 -9 -266 17 -3 -84 
107 9 49 -266 4 18 -92 
112 
-49 -9 -266 -20 -4 -110 
Table 6.42 shows the results of the axial internal forces of the elements of dome E for the five 
load cases (see Section 6.3.1.2). From this table it can be seen that the largest tension force is 
12138kN occurring at the bottom tension ring due to the uniform snow load (the ultimate 
capacity of this cable is 15600kN). It should be mentioned that for this type of cable structure the 
maximum forces are at the top and bottom tension rings. Therefore, here the largest cables of the 
structure are those which constitute these rings as it can be seen from Table 6.38. However, the 
minimum tension in the dome is 284kN occurring at the first ridge cable (RI) which is due to the 
uniform snow load. The maximum compression is -1945kN in the second inner strut (S2) also 
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due to the uniform snow load (the ultimate compression force for this element before member 
buckling is -2249kN). It is interesting to find that the problem of slack cables under severe load 
conditions is not critical for this type of cable dome whereas it is normally a major problem in 
other cable domes. However, in this dome, high tensions in cables have been involved 
comparing to the tensions involved in the first five domes. Also, it should be mentioned that the 
high tensions appear from the initial load case (that is, when the dome is under prestressing 
forces and self-weight). Therefore, a careful optimisation study could result in better initial stress 
forces (initial strains) that lead to lower tension forces in the cables. Also, an attempt to change 
the geometry of the dome by slightly increasing the length of struts, as one moves towards the 
centre of the dome, could reduce the tensions of the cables where the top and bottom cables 
become less flat (horizontal). 
Table 6.41 Nodal displacements of dome E under load cases 4 and 5 
Node 
Load case 4 Load case 5 
number 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
Disp. in X 
(mm) 
Disp. in Y 
(mm) 
Disp. in Z 
(mm) 
4 1 1 404 -1 0 35 
8 0 0 408 -2 0 30 
12 1 -1 403 -1 0 34 
16 2 0 398 0 0 36 
20 
-2 17 368 0 2 34 
23 
-16 -1 381 -3 -7 15 
27 
-2 -17 366 -1 -2 31 
32 17 3 348 2 0 37 
68 0 25 274 0 2 28 
72 
-26 0 294 -2 -4 -17 
76 0 -25 271 0 -2 26 
80 24 0 249 3 0 30 
100 
-6 28 151 -1 2 207 
103 
-30 6 166 0 -1 -1 
107 
-6 -28 149 -1 -2 14 
L 112 25 5 130 3 1 18 
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Table 6.42 Element forces for the load cases 1 to 5 for dome E 
Element 
type 
LC 1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
TT Max 9556 8328 9072 10395 9634 
Min - - 9065 10387 9617 
BT Max 10681 12138 11184 10001 10621 
Min - - 11174 9993 10588 
R1 Max 553 284 461 728 573 
Min - - 439 712 556 
R2 Max 1106 800 1017 1331 1132 
Min - - 960 1261 1063 
R3 Max 1424 1121 1347 1676 1457 
Min - - 1267 1559 1207 
R4 Max 3043 2744 2970 3330 3073 
Min - - 2872 3181 2572 
B1 Max 786 1082 902 643 787 
Min - - 878 627 763 
B2 Max 1374 1712 1522 1237 1415 
Min - - 1464 1168 1346 
B3 Max 1727 2074 1888 1617 1928 
Min - - 1807 1499 1696 
D1 Max 1469 1491 1484 1487 1494 
Min 1462 1461 1445 1458 1434 
D2 Max 1044 1059 1066 1072 1077 
Min 1036 1041 1014 1022 1002 
D3 Max 1075 1143 1131 1112 1222 
Min 1055 1007 1000 1021 907 
D4 Max 3392 3769 3566 3302 3390 
Min - - 3470 3152 3346 
Si Max -1119 -1142 -1127 -1119 -1118 
Min - - -1122 -1118 -1117 
S2 Max -1887 -1945 -1908 -1878 -1887 
Min - - 1896 -1877 -1879 
Continues 
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Table 6.42 continued 
Element 
type 
LC 1 (kN) LC2 (kN) LC3 (kN) LC4 (kN) LC5 (kN) 
S3 Max -1511 -1597 -1547 -1503 -1506 
Min - - -1526 -1467 -1503 
S4 Max -1817 -1933 -1867 -1805 -1809 
Min - - -1837 -1752 -1492 
The domes developed in this chapter show interesting results. The analysis of these domes shows 
their rigidity and high stiffness with respect to different load cases. Also, as a comparison with 
some existing domes, the analysis results and the mechanical properties of these domes show 
some important advantages. It should be mentioned that the SPJS program proved to be a 
powerful tool in examining the stability of cable domes. The new domes in this chapter will 
create new possibilities in the field of cable dome structures. Also, these domes demonstrate the 
ability of cable-strut combinations in creating interesting configurations using cables as main 
elements. 
Sana S. El-iishani 
278 
Chapter 7 Conclusions and Suggestions for Future Work PhD Thesis 
CHAPTER 7 
Conclusions and 
Suggestions for Future Work 
7.1 Introduction 
This chapter contains the conclusions of the study that has been carried out in this Thesis. The 
conclusions are followed by a number of suggestions for future work. 
7.2 Conclusions 
This research is about studying the behaviour of cable domes as well as developing new types of 
such structures. Studying their behaviour mainly involved the stability of cable domes, their 
mechanical properties and structural analysis. On the other hand, developing new types of cable 
domes involved introducing new configurations and systems. In this research, a cable dome is 
considered to be a dome that consists of cables which are in tension and struts which are mainly 
in compression, together with an outer compression ring acting as a part of the structure. This 
type of dome normally contains one or more mechanisms. In this case, a state of self-stress is 
introduced through prestressing in order to stabilise all the mechanisms. However, in the case of 
a cable dome which has no mechanisms, a suitable state of self-stress is still necessary in order to 
guarantee the required tensions in all the cables of the dome. 
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As a part of the current work, a considerable effort was made in studying the stability of pin- 
jointed structures in general. The term `pin jointed structure' in this context includes cable dome 
structures as long as all the cables remain in tension. Two aspects of pin jointed assemblies have 
received special attention in the present work: one is about stabilising the mechanisms, while the 
other relates to classifying the mechanisms. Regarding the first aspect, it was found that the 
existing methods for dealing with the stabilisation of mechanisms are not completely satisfactory 
and there is a need for a technique that can be more efficient in searching for and recognising the 
stability of pin jointed structures in a simple and an accurate way. Regarding the second aspect, 
finding the `order' of mechanisms is a rather new and interesting topic of research. A simple and 
efficient method is required for recognising the order of mechanisms in pin jointed structures. 
In this research, in order to examine the stability of pin jointed structures a method based on 
linear algebra [19] has been developed. This method finds out whether a pin jointed assembly 
which has one or more mechanisms can be stabilised by a state of self-stress in the assembly. 
Here, in order to guarantee the stability of the structure, the following equation should be 
satisfied: 
PQF'T>O 7.1 
where ß is any vector corresponding to the mechanisms in the assembly and Q is a symmetric 
square matrix that represents the strain energy of the assembly. Eqn 7.1 can be satisfied if matrix 
Q of Eqn 7.1 is positive definite. In the case of a structure with one state of self-stress, there is 
only one independent matrix Q that can be obtained and therefore checking whether it is positive 
definite is rather easy. However, in the case of a structure with more than one state of self-stress 
there are infinite possibilities of combined states of self-stress. In this case, the equation to be 
satisfied becomes: 
a 
ß ýa; Q; PT> 7.2 
where a; is a nonzero real number that corresponds to an independent state of self-stress in the 
assembly. Here, it will be necessary to search for a set of as that results in a positive definite 
matrix Q. A major innovation in the present research is the use of the genetic algorithm as a 
search technique for the stability of pin jointed structures. In this research, the method developed 
using the genetic algorithm has simplified the case of dealing with multiple states of self-stress in 
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a structure. This method has the advantage of eliminating the necessity of involving all of the 
quadratic form of Eqn 7.2. Here, the genetic algorithm searches for a positive definite matrix Q 
without involving ßs within the optimisation procedure (as that used in the revised simplex 
method [19]). Using the genetic algorithm has made a significant improvement to the method of 
searching for the stability of pin jointed structures and enhanced its efficiency where the genetic 
algorithm proved to be a powerful optimisation method. 
For implementing the method mentioned above, a major effort has been spent in developing a 
program called SPJS. This program finds the mechanical properties of a pin jointed assembly 
and searches for its stability. A pin jointed assembly can belong to one of the following cases: 
" s=O, m=O 
" s=0, m>_ 1 
" s_1, m=0 
" s>_ 1, m>_ 1 
where s is the number of independent states of self-stress in the assembly and m is the number of 
independent mechanisms in the assembly. For the first case the assembly is stiff without any 
states of self-stress. For the second case the assembly is unstable (contains mechanisms) and has 
no states of self-stress. In the third case the assembly is stiff and has one or more states of self- 
stress. Finally, for the fourth case the assembly is unstable and has one or more states of self- 
stress. As far as cable domes are considered, they belong to either the third or fourth categories. 
If the structure belongs to the third case, then one needs to find a suitable combined state of self- 
stress to ensure the required tensions. The designer in this case can try different possibilities of 
combined states of self-stress that can be suitable for the structure and based on one of these 
states the cables and struts of the structure can be finally defined. The SPJS program is of a 
particular value in dealing with assemblies that belong to the fourth case. Here, if the structure 
has only one state of self-stress, then the program will determine whether this state can stabilise 
all the mechanisms of the structure. However, if there is more than one state of self-stress, then 
the program will use the genetic algorithm to search for at least one state of self-stress that can 
stabilise all the mechanisms. The SPJS program proved to be a powerful tool in finding the 
stability of pin jointed structures. The program can deal easily and simply even with large and 
complicated structures. 
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The study of stability of pin jointed assemblies is strongly linked to the classification of the 
mechanisms in the assemblies. The mechanisms are normally classified based on their order 
where first order mechanisms might be stabilised by a state of self-stress but mechanisms of 
higher order cannot be stabilised by a state of self-stress. The subject of finding the order of 
mechanisms is a new field of research where authors have various approaches and different 
opinions about the order of mechanisms. In this research a new logarithmic formula for finding 
the order of infinitesimals has been discovered. This formula is used for finding the order of 
mechanisms. 
In the case of an assembly that has more than one mechanism, there is an infinite number of 
possibilities of combined mechanisms, so to find the highest order of mechanisms in the 
assembly a search technique is necessary. Here, the genetic algorithm is used to search for the 
highest order of mechanism that a pin jointed assembly can have. In other words, if ßs are a set 
of real numbers, not all of which are zero and each of which corresponds to an independent 
mechanism, then the genetic algorithm searches for a set of ßs that represents a combined 
mechanism that has the highest order. The proposed method of finding the order of mechanisms 
in a pin jointed assembly has proved to be very simple and convenient. Finding the formula is 
believed to be an important step in the field of studying the order of infinitesimals, in general, 
and classifying mechanisms, in particular. 
For finding the order of mechanisms in pin jointed assemblies, a program called MORS was 
developed. This program is based on the new formula and the genetic algorithm. The program 
can deal with three cases: 
" m=0 
" m=1 
" m>1 
where in is the number of mechanisms in an assembly. In the first case the program shows that 
the assembly is stiff and has no mechanisms while in the second case the assembly has one 
mechanism and the MORS program will directly find the order of this mechanism using the new 
formula. However, if the assembly has more than one mechanism, that is the third case, then the 
MORS program searches for a set of ßs that represent a mechanism that has the highest order in 
the assembly, and subsequently its order. The program in this case uses the new formula together 
with the genetic algorithm. A significant point to be mentioned is that MORS program has a 
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method of identifying the case of a finite mechanism involved in an assembly. The MORS 
program has proved its efficiency in obtaining accurate results in the different cases of one 
mechanism involved, more than one mechanism involved, and the existence of finite 
mechanisms in the assembly. This program is remarkably powerful in recognizing the order of 
mechanisms of pin jointed structures, and can have a significant role in the field of studying the 
stability and mechanical behaviour of pin jointed structures. 
In this research some new cable domes are developed using the SPJS program as a tool. These 
new domes are economical and efficient, in addition to being aesthetically pleasing. Here, the 
stiffness of the new domes has shown a dramatic increase compared to that of the Geiger dome, 
specially in the horizontal direction. The variations in the tensions in the ridge cables have 
improved significantly compared to those of the existing domes. Also, the mechanical properties 
are found to be much improved, as compared to those of the Geiger dome. 
The following points summarise the main aspects of this research: 
" In this research the power of genetic algorithm as an efficient search technique has been 
employed in the SPJS and MORS programs. In the SPJS program, the genetic algorithm 
searches for a set of as that represents a state of self-stress that can stabilise the structure, 
while in the MORS program, the genetic algorithm searches for a set of ßs that represents 
a mechanism that has the highest order in the structure. 
" The new formula for finding the order of a mechanism eliminates the necessary 
complicated calculations in the process of finding solutions for sets of compatibility 
equations leading to zero elongations. This formula is a tool that makes the process of 
finding the order of mechanisms a simple task. This formula has proved its efficiency and 
simplicity to a high degree. 
" The improved method of searching for the stability of pin jointed assemblies eliminates 
the necessity of involving the whole of the quadratic form of Eqn 7.2 which makes the 
process simpler and more efficient. 
0 The proposed cable domes show considerable efficiency regarding their strength and 
stiffness. Also, they are lightweight and economical in addition to their attractive 
appearance. 
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7.3 Suggestions for Future Work 
The following points are some suggestions that can be useful for future work: 
" Classification for all cable-strut structures in general is needed and consequently the 
position of cable domes within this classification can be defined properly. 
" The method presented for finding the order of mechanisms is new and requires further 
research. For instance, research is needed to further investigate the source of obtaining 
values for order of changes in lengths less than two, and how such values can be 
interpreted using the work of other authors. 
" The new types of cable domes developed in this research can be only a sample of the 
different possibilities of combining cables and struts. It would be interesting to do more 
research on the various configurations and concepts that can be developed using the SPJS 
program as a tool. 
" So far, only the 2D version of the MORS program has been developed and the creation of 
a 3D version of the program will be useful. 
" In general, the field of study of infinitesimals and their orders is rather limited and more 
research is required where there is a potential for valuable findings. 
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APPENDIX A 
SPJS Program 
A. 1 SPJS Program Flowchart 
In this appendix, a flowchart of the SPJS program is presented. Also, given below is the notation 
used for the flowchart together with the corresponding notation that is used in the Thesis, if 
different. In addition, comments about some stages of the program are given at the end of the 
Appendix, these comments relate to the numbered items in the flowchart. 
A. 2 Notation 
A: Equilibrium matrix 
All: Augmented equilibrium matrix 
Al! ': Transformed augmented equilibrium matrix 
Alpha: Real number representing a multiplier of an independent state of self-stress (in 
Chapter 5, this number is referred to as a) 
b: Number of bars of the assembly 
B: Matrix containing the members of population 
C: Connectivity matrix 
f tX: Vector of Alphas that correspond to Maxfit 
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Gfit: Vector of the maximum fitness values of all generations in one repetition 
Gfitmax: Maximum fitness value after one generation 
GGfit: Vector of the maximum fitness values of all repetitions 
GGfitmax: Maximum fitness value after all generations in one repetition 
Gn: Number of generations 
j: Number of degrees of freedom in the assembly 
k: Number of constraints in the assembly 
K: Support coordinates 
Kcrt: Specific number of generations used for the termination criterion 
L1: Upper limit of Alpha value range 
L2: Lower limit of Alpha value range 
m: Number of mechanisms 
M: Matrix of the independent mechanisms (in Chapter 5, this matrix is represented by 
Al., ) 
Maxcol: Number of bars and unconstrained degrees of freedom 
Maxfit: Maximum fitness value 
MD: Deformed equilibrium matrix (in Chapter 5, this matrix is represented by DA) 
MDD: Matrix whose submatrices are the MD matrices 
N: Nodal coordinates 
Nvar: Number of Alpha variables in the genetic algorithm process 
P: Matrix of the product forces 
Ps: Population size 
Q: Symmetric square matrix of a quadratic form 
QI: Matrix whose submatrices are the matrices that represent the strain energy 
rA: Rank of the equilibrium matrix 
Repeat: Number of repetitions 
rfitmax: Maximum fitness value after all repetitions 
s: Number of states of self-stress (redundancies) 
S: Matrix of the states of self-stress 
T: Vector of a state of self-stress (Tension coefficients) 
Tcrt: Termination criterion 
2D: Implies 2-dimensional 
3D: Implies 3-dimensional 
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Start 
2D or 3D 
Read N, C, K 
(See Section 5.2.1) 1 Generate [A] 
(See Section 5.2.3.1) 1 Generate [AII] 
(See Section 5.2.3.1) 1 Generate [A'II'] 
(See Sections 5.2 and 5.2.3.1) 1 Find rA, s, m 
No 
The assembly is stiff 
m>0 
No 
s Yes 
Yes 
The assembly 
cannot contain 
cable elements 
End 
The assembly 
may contain 
cable elements 
Flowchart continues 
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Flowchart continued 
Note 1I Generate [modA], [modzero] 
Note 21 Solve Linear Eqns 
Obtain [S] 
(See Section 5.2.3.3) 1 Obtain [M] 
Note 31 Generate [MD], [MDD] 
Note 41 Generate [P] 
Note 5 
Yes 
Generate [QI] 
S=1 
No 
r=0 
(See Section 5.3.3.1) Generate [Q] 
Note 6 Do eigenvalue analysis Read Ps, Gn, Pmut 
L1. L2 
Note 71 Generate [B] 
Flowchart continues 
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Flowchart continued 
Yes 
Pn=m 
Note 8 
No 
Generate [Q 
The states of self- 
stress can stabilise M 
The assembly 
can be 
stabilised 
End 
The assembly 
can be 
stabilised 
End 
The states of self-stress 
cannot stabilise M 
The assembly 
cannot be 
stabilised 
The state of self- 
stress of [fitX] 
can stabilise M 
Do eigenvalue 
analysis (Maxfit) 
Note 9 
Yes 
Pn=m 
No 
J=0 
II= 
(See Sections 3.5) 
(See Sections 3.6) 
Flowchart continues 
Pairing 
Crossover 
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Flowchart continued 
(See Sections 3.6) 
(See Sections 3.7) 
Mutation 
Replacement 
II 
<= 
Ps/2 ; 
No 
As 
Find Gfitmax, 
generate Gfit 
In 
The assembly Yes 
10 
cannot be stabilised Satisfying 
and the best fitness TCrt is Gfitmax 
No 
End J= Gn 
No 
Yes + 
u 
Find GGfitmax, 
generate GGfit 
The assembly 
cannot be stabilised Yes 
No 
and the best fitness 
Find rfitmax r= Repeat 
is rfitmax 
End 
Fig Al SPJS program flowchart 
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A. 3 Comments on the SPJS Program Flowchart 
Notei: At this stage of the program it is necessary to find each independent state of self-stress 
(T) in the assembly, that is, to find the null space of A. In order to do this, firstly matrix modA of 
size (b x b) is generated. The first rA rows of this matrix are the rA rows of matrix A'II'. The 
remaining s rows are of zero entries except for the row that corresponds to the redundancy under 
consideration. This row has zero elements apart from the element which corresponds to the 
redundancy and is equal to 1. 
Note 2: In this process, the linear equations [modA] [T] = [0] are solved in order to obtain vector 
T for each state of self-stress. Partial Gaussian elimination procedure is used for solving the 
linear equations [46]. 
Note 3: In this part of the program the MD and MDD matrices are generated. Here, matrix MD, 
of size (j-k) x b, is the deformed equilibrium matrix due an imposed independent mechanism, see 
Section 5.3.1. After creating matrix MD for each independent mechanism, each obtained matrix 
is stored as a submatrix in matrix MDD, that is, MDD is a matrix of size (m x (j-k)) rows and b 
columns. 
Note 4: In this phase, the product forces of each state of self-stress due to each imposed 
mechanism are obtained, see Sections 5.3.3.1 and 5.3.3.2. Here, P is generated. This is a matrix 
of size (s x (j-k)) rows and m columns. This matrix is generated by multiplying matrix MDD by 
matrix S. 
Note 5: Here, QI is generated, see Sections 5.3.3.1 and 5.3.3.2. This is a matrix of size (s x m) 
rows and m columns. This matrix is generated by multiplying matrix M by matrix P. 
Note 6: The eigenvalues of matrix Q are obtained. If Pn is equal to m, then matrix Q is positive 
definite and the assembly can be stabilised. However, if Pn is less than m, then matrix Q is not 
positive definite and the state of self-stress cannot stabilise the mechanisms. That is, the 
assembly cannot be stabilised. 
Note 7: In this stage of the program matrix B is generated. This matrix contains the population of 
the genetic algorithm. Each row of the matrix represents a member of the population. The size of 
matrix B is Ps x s. 
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Note 8: Matrix Q of each set of the population is obtained, see Section 5.3.3.2. Therefore, there 
is Ps number of Q matrices, each of which is obtained by multiplying a row of matrix B by 
matrix QI. The resulting Q matrices are of size mxm. 
Note 9: At this stage the eigenvalues of each matrix Q are obtained using an eigenvalue analysis 
subroutine [46]. 
Note 10: At this stage of the program the termination criterion (convergence criterion) is checked 
at the end of each generation, see Section 3.8. Here, if the fitness value was the same for a Kcrt 
number of generations, then the program will terminate and the Gfitmax will present the best 
fitness value. 
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APPENDIX B 
MORS Program 
B. 1 MORS Program Flowchart 
In this Appendix, a flowchart for the MORS program is presented. The Appendix contains the 
notation used for the flowchart and the corresponding notation that is used in the Thesis, if 
different. Also, comments about some stages of the program are given at the end of the 
Appendix; these comments relate to the numbered items in the flowchart. 
B. 2 Notation 
A: Equilibrium matrix 
All: Augmented equilibrium matrix 
A'BI': Transformed augmented equilibrium matrix 
b: Number of bars of the assembly 
B: Matrix containing the members of population 
Beta: Real number representing a multiplier of an independent mechanism (in Chapter 
4, this number is referred to as ß) 
C: Connectivity matrix 
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el: Vector of member elongations due to the 1st imposed displacements of a 
mechanism 
e2: Vector of member elongations due to the 2°d imposed displacements of a 
mechanism 
e3: Vector of member elongations due to the 3`d imposed displacements of a 
mechanism 
fitx: Vector of Betas that correspond to Maxfit 
Gfit: Vector of the maximum fitness values of all generations in one repetition 
Gfitmax: Maximum fitness value after one generation 
GGfit: Vector of the maximum fitness values of all repetitions 
GGfitmax: Maximum fitness value after all generations in one repetition 
Gn: Number of generations 
Gx: Vector of Betas that represents the mechanism of Gfitmax 
j: Number of degrees of freedom in the assembly 
k: Number of constraints in the assembly 
K: Support coordinates 
Kcrt: Specific number of generations used for the termination criterion 
L1: Upper limit of Beta value range 
L2: - Lower limit of Beta value range 
m: Number of mechanisms 
M: Vector of a mechanism 
Maxcol: Number of bars and unconstrained degrees of freedom 
Maxfit: Maximum fitness value (Maximum order of changes in length obtained) 
meczm: Vector of imposed displacements of a mechanism 
MI: Matrix of the independent mechanisms (in Chapter 5, this matrix is represented by 
Ai) 
N: Nodal coordinates 
Nvar: Number of Beta variables in the genetic algorithm process 
Ps: Population size 
rA: Rank of the equilibrium matrix 
round: Function to obtain the rounded value of a number 
rsi: The smallest order in rl 
rsi: The order of change in length, of the bar that corresponds to rsI, using e2 and e3 
rx: Vector of Betas that represents the mechanism of rfitmax 
ri: Vector of orders of changes in length of the bars of the assembly using el and e2 
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Repeat: Number of repetitions 
rfitmax: Maximum fitness value after all repetitions 
Tcrt: Termination criterion 
2D: Implies 2-dimensional 
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Start 
2D 
Read N, C, K 
(See Section 5.2.1) 1 Generate [A] 
(See Section 5.2.3.1) 1 Generate [All] 
(See Section 5.2.3.1) 1 Find [A'EI'] 
(See Sections 5.2 and 5.2.3.1) 1 Find rA, m 
No 
m>0 
Stiff Assembly /I Yes 
(no mechanisms) 
Obtain [MI] 
End 
-7 (See Section 5.2.3.3) 
Flowchart continues 
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Flo%vhart continued 
Yes No 
M=1 1 
r=O 
Note 1 Generate [M] 
Read Ps, On, Pmut 
I=0 L1. L2 
Generate [meczmm] Note 4 Generate [B] 
(See Section 4.5.1) 
J=0 
Do nonlinear analysis Note 2 (Obtain [etj]) 
Note 5 Generate [M] 
No 
I=3 
I=0 
Yes 
Note 3 Find [ri] Note 6 Generate [meczm(J)] 
Do nonlinear analysis 
(See Sections 4.5.1 Find rst and the Note 7 (Obtain [e(j)]) 
and 4.53) corresponding ru 
No 
rsi-rs=S0.9 I=3 
Yes No 
Yes 
Ord - round NO Finite mechanism 
Find [ri] 
Order of the 
mechanism is (Ord - 1) 
Ir 
.. Find rsI and the 
corresponding rs2 
(See Sections 4.5.2 
and 4.5.3) 
End 
Flowchart continues 
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Flowchart continued 
rst-rs2S0.9 Yes 
Ord = round (rs1) 
Find Maifit I /' Finite mechanism 
End 
Order of the mechanism is (Ord - 1) 
which corresponding to [fitx] 
J=Ps 
Yes 
J=0 
(See Sections 3.5) 
(See Sections 3.6) 
(See Sections 3.6) 
(See Sections 3.7) 1 Replacement 
I=0 
No 
Pairing 
Flowchart continues 
No 
t 
II 
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Flowchart continued 
No 
Ps/2 
Yes 
Find Gfitmax, I 
generate Gfit 
mechanism order Yes 
in the assembly is Satisfying 
(Gfitmax-1) TCrt 
corresponding to 
f GXl XT 
The highest Note 8+ 
chanism order Yes 
the assembly is Satisfying 
(Gfitmax-1) TCrt 
rresponding to 
f Gxl No 
J=Gn 
End 
Yes 
Find GGfitmax, 
generate GGfit 
End 
Find rfitmaxý 
Yes 
r= Repeat 
The highest 
mechanism order in 
the assembly is 
(rfitmax-1) 
corresponding to [rx] 
End 
Fig B1 MORS program flowchart 
No 
+ 
II 
+ 
3.. 
II 
3- 
No 
Sana S. El-lishani 299 
Appendix B MORS Program PhD Thesis 
B. 3 Comments on the MORS Program Flowchart 
Notei: At this stage of the program the mechanism vector M is obtained. This vector is created 
by multiplying ßl by matrix MI. The size of matrix MI in this case is (1 xj- k) and ßl can be 
any nonzero real number. 
Note 2: At this point, for the mechanism under consideration there should be three vectors of 
imposed displacements. Here, each of these vectors is applied to the assembly and a nonlinear 
analysis [43] is carried out in order to obtain elongations. That is, for each vector M, nonlinear 
analysis is run three times to obtain three e vectors, each of which has b elements, see Section 
4.5.1. 
Note 3: In this part of the program, Eqn 4.10 is applied, see Section 4.3. Here, the order of 
change in length of each bar of the assembly due to el and e2 are obtained. 
Note 4: In this stage of the program the matrix B is generated. This matrix contains the 
population of the genetic algorithm. Each row of the matrix represents a member of the 
population. The size of B is Ps x m. 
Note 5: Vector M is obtained at this stage of the program. This vector which has j-k elements is 
generated for Ps number of times. It is obtained by multiplying a row of matrix B by matrix MI. 
Note 6: A vector of imposed displacements of the combined mechanism under consideration is 
obtained in this stage. In fact, for each mechanism there will be three obtained meczm vectors 
which are meczml, meczm2 and meczm3. In Chapter 4, these vectors are referred to as meczma, 
meczmb and meczmc, respectively, see Section 4.5.2. 
Note 7: Here, the nonlinear analysis is run three times for each combined mechanism. This stage 
will lead to three vectors of e. 
Note 8: At this stage of the program, the termination criterion (convergence criterion) is checked 
at the end of each generation, see Section 3.8. Here, if the fitness value was the same for a Kcrt 
number of generations, then the program will terminate and Gfitmax will present the best fitness 
value. 
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